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Abstract

The possible spectra of one-particle reduced density matrices that are
compatible with a pure multipartite quantum system of finite dimension form a
convex polytope. We introduce a new construction of inner- and outer-bounding
polytopes that constrain the polytope for the entire quantum system. The outer
bound is sharp. The inner polytope stems only from doubly excited states. We
find all quantum systems, where the bounds coincide giving the entire polytope.
We show, that those systems are: (i) any system of two particles (ii) L qubits, (iii)
three fermions on N < 7 levels, (iv) any number of bosons on any number of
levels and (v) fermionic Fock space on N < 5 levels. The methods we use come
from symplectic geometry and representation theory of compact Lie groups. In
particular, we study the images of proper momentum maps, where our method
describes momentum images for all representations that are spherical.

Keywords: quantum marginal problem, momentum map, entanglement
polytopes, generalised Pauli constraints, Fock space, spherical
representations

(Some figures may appear in colour only in the online journal)

1. Introduction

The quantum marginal problem is the problem of describing the set of all possible reduced
density matrices that correspond to some pure state of a system of many particles. This is a
difficult and fundamental question, which occurs in many branches of physics and quantum
chemistry. In 1995 it was designated by National Research Council of USA as one of ten
most prominent research challenges in quantum chemistry [1]. Let us next briefly describe
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the main points of this problem. A pure quantum state can be described by a normalised vec-
tor from a Hilbert space. Equivalently, in the density matrix formalism a pure quantum state
is a rank-one projector on the corresponding vector. However, one usually does not need
the whole density matrix in order to describe some properties of a quantum system and the
knowledge of reduced density matrices is sufficient. The reduced density matrix associated
to a subsystem A’ of the entire quantum system A is defined by averaging the whole density
matrix p = | U} ¥| over the subsystem A — A’. The average is done via computing the partial
trace over the Hilbert space corresponding to A — A’, which we denote by par = tra_a/p. In
general, one can consider reduced density matrices that correspond to subsystems that over-
lap, i.e. par and par, where A’ N A" # &. Then, par and pa~ are called overlapping marginals.
Such marginals occur naturally in quantum chemistry. For example, while calculating energy
of a system with a finite number of particles, where the interactions occur only in pairs of
particles, the sufficient information is contained in the two-particle reduced density matrices.
Indeed, for such a system the Hamiltonian is a sum of one- and two-particle Hamiltonians,
H =}, H;+ 3, Hj; Furthermore, if the quantum system is in a state |¥'), then the density
matrix reads p = | ¥} | and the energy is given by

E=tr(Hp) = ZU (Hip) + ZU (Hijp) = Ztr (Hip:) + Ztr (Hijpij) -

where p; is the one-particle reduced density matrix for ith particle and p;; is the two-particle
reduced density matrix for the subsystem of ith and jth particle. While modelling molecules,
the stable electronic configuration is described by a state that minimises the energy. In other
words, we are interested in finding the following minimum:

Eo= min tr(Hp) = i tr (Hip; tr (Hyips
o= min w(Hp)= o omin o Z I ( ,p,)+%: r (Hijpij)

Such a problem can in principle be solved numerically. However, taking the domain of mini-
misation to be the entire space of pure states is very inefficient, as the dimension of such
a space grows exponentially with the number of particles. The space of the one- and two-
particle reduced density matrices (IPRDM, 2PRDM) is much smaller, therefore an algorithm
that uses the optimal domain of minimisation would be much more robust. However, the
problem of describing the set of two-particle reduced density matrices seems to be intractable
and there are no solutions known, even for low-dimensional systems. From the point of view
of computational complexity, the problem of deciding whether a set of two-particle density
matrices is compatible with some pure N particle state is QMA complete, i.e. is expected to
be intractable even for a quantum computer [36, 37]. One way to simplify this problem is to
approximate the original hamiltonian by a sum of one-particle hamiltonians, as, for exam-
ple, in the Hartree—Fock method. Then, the minimisation is done over the set of one-particle
reduced density matrices, which is easier to describe. The problem of deciding compatibility
of a set of one particle reduced density matrices with some pure state is called the one-body
quantum marginal problem and it is NP-hard [53]. This problem is computationally simpler
mainly because the one-body quantum marginals are non-overlapping. In this paper, we only
consider the one-body quantum marginal problem. The solution of this problem does not seem
to be directly applicable to the description of overlapping marginals.

Note that the task of energy minimisation can be reduced to the problem of finding the pos-
sible spectra of the one-particle reduced density matrices. This is because any quantum state
can be transformed by a proper change of basis to a state, whose one-particle reduced density
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matrices are diagonal. The problem of finding the criteria that allow one to decide whether a
given spectrum is a spectrum of some one-particle reduced density matrix has a long history.
The desired criteria have a form of polygonal inequalities for the eigenvalues of the one-par-
ticle reduced density matrices. In other words, the set of solutions is a convex polytope. This
is a consequence of a deep theorem about convexity properties of momentum maps, where
this polytope is called the momentum polytope, in a theory developed simultaneously from a
symplectic and algebraic point of view around 1980, in particular in works of Atiyah, Kirwan,
Mumford, Ness, culminating in a general theorem on symplectic manifold by Kirwan, see
[16, 17] and the references therein. For example, in a quantum system with a fixed number of
fermions, the Pauli exclusion principle [38] says that the spectrum of the one-particle reduced
density matrix is a set of numbers between 0 and 1. In other words, the fermionic occupation
numbers cannot be greater than 1. However, these are not all the constraints. In 1970 systems
of two and three fermions have been considered by Ruskai, Borland and Dennis, who have
found other inequalities for the spectra [14, 26]. The first general algorithm for solving this
problem has been presented by Klyachko [9, 10, 12]. Recently, another algorithms have been
presented in [13, 20]. Unfortunately, the computational complexity of these algorithms is still
significant and they produce many redundant inequalities. The largest systems, for which the
inequalities have been computed include the system of 3 and 4 fermions on 8 levels [10] and
the system of 3 distinguishable particles on 4 levels [20]. There also exists the solution for a
system with an arbitrary number of qubits [7].

The polytope, which is described by the polygonal inequalities for the spectra of the one-
particle reduced density matrices, known as the momentum polytope in symplectic geom-
etry, is also called the spectral polytope in our context. Spectral polytopes are also relevant
for studying entanglement in pure quantum systems. This is because certain subpolytopes of
the spectral polytope correspond to SLOCC (stochastic local operations assisted by classical
communication) classes of entanglement. We say that two multipartite states are in the same
SLOCC entanglement class if there exists a local linear, invertible operation that transforms
one state onto another. The spectral polytopes for different SLOCC classes (in this context
they are called entanglement polytopes) arise, when we allow the operations that transform
the states asymptotically. Namely, the one-particle spectra corresponding to states that belong
to the closure of a single SLOCC entanglement class, form a subpolytope of the entire spectral
polytope. This fact provides a necessary criterion for two chosen states to belong to the same
SLOCC class. For the general theory of this phenomenon with examples, see [6, 8, 32—-34] and
[5, 30, 39] for the mathematical description.

In this paper, we introduce new lower and upper bounds for the spectral polytope in the
form of polytopes contained in it, or containing it, respectively. These polytopes arise from
geometric constructions around the locus of non-entangled states, viewed as a submanifold of
the total space. We explain the general representation theoretic framework for a system with
a compact symmetry group acting irreducibly. The manifolds of non-entangled states for this
class of systems are fundamental objects in representation theory and algebraic geometry,
where they are usually viewed in the projective state space, and constitute exactly the class
of homogeneous projective varieties, also known as flag varieties. We focus on several physi-
cal scenarios including systems of many distinguishable particles, systems of many bosons,
systems of many fermions and fermionic Fock space with a finite number of modes. In these
scenarios, the loci of non-entangled states are: (i) the separable states for systems of distin-
guishable particles, a.k.a. Segre variety; (ii) spin coherent states for the angular momentum
operator or, more generally, permamental states of bosons, a.k.a. Veronese variety; (iii) Slater
determinantal states for the fixed number of fermions, a.k.a. GraBmann variety in its Pliicker
embedding iv) fermionic gaussian states in the fermionic Fock space, a.k.a. variety of pure

3



J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

spinors. Systems of distinguishable particles are particularly important in quantum informa-
tion theory [3], as many quantum information protocols consider a situation, where distant
parties are allowed to use arbitrary local quantum operations and send classical information.
Scenarios with a fixed number of fermions are mainly considered in quantum chemistry,
where the variational methods are widely used. In this context, the inequalities for the facets
of the spectral polytope are called the generalised Pauli constraints and are useful in finding
ground states of fermionic systems [11, 51, 52]. Finally, there has been a growing interest
in the scenarios involving the fermionic Fock space in the context of quantum computations
with noise [28, 40, 41] and quantum entanglement [42—45]. Despite such an interest, spectral
polytopes in the context of fermionic Fock spaces have not been considered anywhere in the
literature. We treat all the scenarios using the language of the representation theory, which
allows us to state the results for all the scenarios simultaneously. In the same time, it provides
proper geometric tools for dealing with the quantum marginal problem and the description of
spectral polytopes. In particular, the interpretation of the problem in terms of the representa-
tion theory of the symmetry group, allows one to use the momentum map [2]. As we explain in
section 3, the spectral polytope constitutes the image of the momentum map. Both bounds that
we discuss in this work are given by cones whose vertex is the highest weight of the consid-
ered representation. As we explain in section 4.1, the highest weight can be understood as the
set of spectra of one-particle reduced density matrices corresponding to a non-entangled state
of a system of many-particles. Equivalently, the non-entangled states are the ground states
of some noninteracting systems of many particles for hamiltonians that have non-degenerate
spectra. To see this, consider a system of L distinguishable particles with local hamiltonian
H= ZII;:I H,. For each H; we compute its eigenstates that form the local one-particle bases
i), 0 < i< my, where ny is the dimension of the Hilbert space of the kth particle. We arrange
the states in each basis according to their energies, i.e. (i|H|i) < (j|H|j) for i < j. Then, the
ground state of the entire system is given by the product of the local ground states |00. .. 0),
which is non-entangled. The construction of the cones bounding the spectral polytope uses the
decomposition of the Hilbert space of the considered quantum system into spaces spanned by
vectors obtained by exciting the ground state a certain number of times. By an excited state we
understand a state which is obtained from the ground state by a sequence of creation opera-
tors from the Lie algebra of the symmetry group. Geometrically, the locus of states obtained
by all possible sequences of k excitations is known as the kth osculating space to the orbit of
non-entangled states. In the above example, the basis states with a single excitation are those,
where one particle is in an excited state. Such states are of the form [0...0i0...0), i > 0.
Similarly, the doubly excited states are of the form [0...0i0...0...070...0), i,j > 0. We
explain these concepts in section 5.

It turns out, that the information obtained by considering a relatively small number of exci-
tations is sufficient to determine completely the spectral polytope for many quantum systems.
Indeed, doubly excited states suffice in a certain ‘generic case’ from a geometric point of view,
the case where the locus of non-entangled states does not contain linear spaces of high dimen-
sion, i.e. the GauBian second fundamental form is nondegenerate. The question arises: how
many excitations are needed to determine the spectral polytope near the image of the ground
state ? Larger physical systems do not always fall in this generic category, but doubly excited
states suffice in some cases nonetheless. Nongeneric cases require new methods, and we are
lead to an interesting observation concerning spherical actions of the symmetry group on the
state space. In section 6 we list explicitly all quantum systems, whose spectral polytope corre-
sponding to pure states is obtained form the doubly excited states. We also characterise these
polytopes in terms of their vertices and facets.
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The manuscript is organised as follows. In sections 2 and 3 we describe the relevant repre-
sentations and introduce the necessary notions from representation theory. Our aim is to pro-
vide a self-contained introduction for a reader, who is a non-specialist, so that the main results,
which are formulated in sections 5 and 6, can be accessed more easily easier. In section 4 we
introduce the mathematical background for the main results. Most of section 4 can be skipped
by a reader, who is not interested in the mathematical details.

2. Preliminaries

We are studying the finite-dimensional systems of distinguishable and indistinguishable par-
ticles. Each scenario we introduce below concerns a compact, connected semisimple group K
and its complexification G that act on a finite dimensional Hilbert space H, which is the space
of pure (unnormalised) states of a quantum system. Let us next specify the scenarios. Firstly,
we give a detailed description for the distinguishable case and the indistinguishable setting
will be described via analogy. The Hilbert space for distinguishable particles is the tensor
product of one-particle spaces

Hp=CMpC"g...0CM,

The product basis of Hp consists of tensor products of one-particle basis vectors.

HD—<|i1)®|iz>®~~®|iL>:lgingk>, 1)
C

where (- )¢ denotes the linear span over C. The allowed operations are local and invertible. In
particular, we consider the action of local unitary (LU) operations, which is linear on Hp. A
tuple of local unitary operators U = (Uy, Uy, ..., UL), U € U(Ng) acts on a basis vector in
the following way:

Uli) ® |iz) ® --- @ |ig) = Uyliy) @ Usliz) @ -+ - @ ULlir).

Group U(Ny) acts on CM via N; x N, matrices with complex entries that satisfy the condition
UU'T = 1y,. We denote the group of LU operators by K. Another group of local operations that
we use is the group of invertible SLOCC operations, which are the general linear operators,
G = GL(N]) X GL(NZ) X X GL(NL).

Let us next set up the notation and introduce the basic notions regarding the Lie algebras
gl(N) and u(N), which are the building block in all of the above cases. A fixed unitary basis
[1),...,|N) allows us to represent gl(N) as represented by all N x N matrices with complex
entries, whereas u(N) is represented by antihermitian complex matrices, i.e. X = —XT. A
natural basis for gl(N) consists of the matrices with a single nonzero entry equal to 1:

E;;:=iXjl € gl(N), 1 <i,j<N.
The hermitean conjugates of the basis vectors are simply their transpositions, ElT ; = Eji, and
u(N) has a basis given by

Xij = uEij+E), Yiji=Ejj —Ej;, 1<i<j<N,

(Hi, 1 <i<N,
where

H; = |i)Xi], 1 <i<N. ()

denotes the basis of the diagonal matrices. These form a maximal abelian subalgebra con-
sisting of semisimple elements, denoted ty, called a Cartan subgalgebra or a maximal torus.
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The rest of the basis vectors are eigenvectors for ty with respect to conjugation (the adjoint
action). The eigenvalues c;;, viewed as functionals on ty, are called the roots of gl(N).
Correspondingly, E;; are called root-operators. The upper triangular matrices form a maximal
solvable subalgebra of gl(N), called a Borel subalgebra. The corresponding root «;j, i < j, are
called positive roots, while the roots of the lower triangular matrices are called negative roots.
We have indeed —a;j = «;.
Thus we have
N
ulN) =P He P X Yijr,
i=1 1<i<j<N
and gl(N) is the complexification of u(N). Equivalently,
N

ol(N) =P H)co P (EyjEf)c.

i=1 1<i<j<N

Both algebras are naturally equipped with a non-degenerate bilinear form, which is the
Hilbert—Schmidt product:

(X,Y) = tr(XTY).

The Hilbert-Schmidt product is positive definite, when restricted to u(N). Note that the intro-
duced basis of u(N) is orthogonal with respect to the Hilbert-Schmidt product, hence we have
an isomorphism u(N) ~ R¥ @ R(2).

In the case of distinguishable particles, the considered algebras are direct sums of the alge-
bras of the components, i.e.

L L
g= @g[(Nk), t= @u(Nk).
k=1 k=1
An algebra element X = (X|,...,X.), where X; € gl(Ni) or Xi € u(Ny) respectively, is rep-
resented on Hp as matrix of the form
X1 14+10X%Q1--- @1+ +1®---01RX. 3)

Choosing {X;}£_, to be elements of the introduced basis for the components of the respective
algebras, we obtain a basis of g and €.

The case of indistinguishable particles covers fermions and bosons. The Hilbert space for
L bosons or fermions on N modes (levels) are respectively the symmetric and antisymmetric

tensors from Hp = ((CN ) ®L We denote those spaces in the following way
Hp = SE(CY), Hp = AH(CV).

Note that the number of fermions cannot be greater than the number of modes, L < N. The
basis of Hp consists of symmetric products of basis vectors from CV, while the basis of Hp
consists of exterior products of basis vectors from CV.

HB=<|i1>\/|i2>\/--~\/|iL>:i1<i2<-~<iL>, (4)
C

HF:<|i1>/\|i2>/\"‘/\|iL>Zi1<i2<--~<iL>. 5)
C
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For bosons, we alternatively denote the basis vectors by counting the mode polulations.
Vector |ny, ny, . .., ny) corresponds to |if) V |iz) V - -+ V |ip) such that ng := #{l : i, = k}. In
both cases the considered groups are K = U(N) and G = GL(N'), which act via the diagonal
action, i.e.

Uli) Vi) V- Vi) = Uliy) VUlia) V- - V Ulir),
and the same for fermions. The Lie algebra elements are represented by the following matrices

Xl®-®1l+ - +1® - ®10X, XctorX€g. (©6)

2.1. Fermionic Fock space

The last scenario that we consider is a bit different from the previous ones, as group K is the
real spin group K = Spin(2N) and G is the complex spin group, G = Spin(2N, C). We direct
the reader to [27] for a detailed description of this setting from the physical point of view.
Groups K and G act on Majorana operators defined on the fermionic Fock space. The fermi-
onic Fock space is the direct sum of all possible fermionic spaces in a N mode system, i.e.

N
F =Pty
L=0

where A°(CN) = <|Q)> o~ C is the vacuum. Recall that a basis of the Fock space can be
C
constructed by acting with a sequence of creation operators on the vacuum state, i.e.

}':<Q>> @<a}la§2...a;|9>: 1<iy<ip<---<i, <N, 1<L<N> . (7)
C C

The elements of the above basis are the same as vectors defined in equation (5), i.e.

alTl ajz . .afL\m = li1) Alia) A--+ A|ir). The creation operators satisfy the anticommutation

relations {a;,a;} =0, {a;, ajT} = J;;1. The Spin(2N) group acts via unitary operations on the
2N Majorana operators, which are
Criot = aj+al, coi = 1lai—al), i € {1,2,...,N}.

The Majorana operators anticommute, i.e. {c;, cj} = 26;1. The action reads
UC'il]]L = Z RiJ'Cj,
J

where the matrix R belongs to the special orthogonal group SO(2N), i.e. RTR = 1, detR = 1.
Any state from the Fock space can be also written in terms of Majorana operators, following
[28], as |¥) = 4|Q), where

N
2 k
Y= apl + E 2 E Qi g, i Ciy Ciy + + + Cig -

k=1  1<i<ia<--<in<2N

The action of U € Spin(2N) on |¥) is defined via the action of U on 4 as U5UT, which boils
down to the following action on the components of 4

(Uc;, UN(Uc, U ... (Uci, UY).
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There are two irreducible components of the representation of Spin(2N). The first irreduc-
ible component is the subspace with an even number of fermions, F, = @ 1{{1\;/02 ! AZK(CN)
and the second irreducible component is the subspace with an odd number of fermions
F, = @YY A2K+1(CV). The Lie algebra of Spin(2N) is the same as the Lie algebra of o(2N)
and is given by antisymmetric 2N x 2N matrices with real entries. The complexified algebra
0(2N)C is represented on the Fock space, generated by the operators %cicj, I1<i<j<2N

giving a basis. These operators form an orthogonal basis of 0(2N)C with respect to the Hilbert—
Schmidt norm, and the elements have squared norm

1 1 1 1
*tr(C,‘Cj(C,‘Cj)T) = *tI‘(C,‘Cij/'C,‘) = —trl = -2V,

4 4 4 4
The action of 0(2N) on the components of ¥ is given by commutators
([eir, XD ([ers X1) - - ([ein- X]).- ®)

In order to introduce the root decomposition of 0(2N) and its complexification 0®(2N), we
will use the creation and annihilation operators instead of the Majorana operators. The basis

of the nondiagonal part given by root operators, which are pairs of annihilation operators of
the form a,a;, aia}L, 1 < i <j < N and their hermitian conjugates. The diagonal part of 0(2N)

is constructed from the shifted occupation number operators
1 t L .
H,‘ = 5(2611-61,‘—]].):—562,‘_102,‘, 1 <1<N (9)

In such a basis, the complex Lie algebra is given by

N

o(2N)® = @ (Hi)c & @ <a;aj,a,-aj,a,-aT,aja;r)<c.

i=1 1<i<j<N
The nondiagonal part of 0(2N) is spanned by
Aij=udal + aa) = i(c iC2j — C2i—1C2j—1)
ij Y ity ) 2iC2j 2i—1€02j—1)»
L

—aia; = _E(CZiCijl + crim1025),

Ci;=aid —aal = l(c i—1C2j—1 + €2iC2))

ij it Ll ) 2i—1€02j—1 2iC2j )

T

1
D;j = L(a,-a;r +aja)) = E(cziczj,l + cai1025).

Hence,

N
O(ZN) = @ <LH,‘>]R & @ <A,‘J,B[J, Ci,j’Di,j>]R-

i=1 1<i<j<N

2.1.1. The common description. Let us formulate the above scenarios in the language of rep-
resentation theory of compact and complex reductive Lie groups and Lie algebras. The results
of this paper will be formulated in these terms, as they allow to treat all the scenarios simulta-
neously. The necessary theory for compact groups can be found for instance in the book [48],
while the Lie algebra aspect—in [49]. In each of the scenarios we had a compact connected
group K and its complexification G acting by an irreducible representation on a Hilbert space
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‘H, K by unitary and G by complex linear transformations. Although we are primarily inter-
ested in irreducible representations, we shall introduce most part of the setting without assum-
ing irreducibility. In fact some intermediate results about reducible representations are needed
for our considerations, concerning for instance the behaviour of H with respect to subgroups
of K, under which H might be reducible. We will return to the notation for the specific cases
in section 6.

We consider a finite dimensional unitary representation of a compact connected Lie group
K — U(H). The complexification of K is a complex reductive Lie group with a complex (alge-
braic) representation G — GL(H). There are derived Lie algebra representations € — u(#H)
and g — gl(#H). Let us fix a Cartan subgroup 7' C K, characterised as a maximal torus, with
Lie algebra t C €. T'is a (maximal) diagonalizable subgroup in any (infinitesimally injective)
representation of K, so H admits a basis of T-eigenvectors, which are also t-eigenvectors,
called weight vectors. (For our scenarios, these are the basis vectors defined in (1), (4), (5)
and (7).) The eigenvalue is given by a function 7’ — C*, which is a group homomorphism,
called a character. The derived Lie algebra map is a complex linear functional t — C, called
a weight, with values in /R since the group K acts unitarily. Identifying t with it* via the
Hilbert-Schmidt inner product and using the Dirac notation |n) for weight vectors of weight
7, We write

Heln) = (n,6)[n).

with £,1 € t ~ R" representing respectively the acting element and the weight (r is the rank
of the Lie algebra). The identification t ~ R" of diagonal operators with an abstract Cartan
algebra element is made via choosing an orthogonal basis of t. The basis diagonal operators
for different scenarios are the following: (i) equation (2) for a single particle, (ii) distinguish-
able particles—equation (3) wich each X equal to some H; from equation (2), (iii) bosons and
fermions—equation (6) with X = H; for H; from (2), (iv) fermionic Fock space—equation
(9). With an abuse of notation, let us reenumerate the diagonal operators by (H;)!_,. Then, for
&= (&,...,&), we have

H& = f]Hl —+ .. -ngr-

The elements of t* =2 t arising as derivations of characters of the torus 7 form a lattice A,
naturally embedded as a copy of Z” inside the Lie algebra t. All weights of finite dimensional
representations of K are elements of A. We denote by H" the weight space in H of weight
n and Supp(H) C A we denote the set of weights occuring in H. Thus the action of 7 on H
determines the weight space decomposition of the representation:

nHe P .

nESupp(H)

The dimension dim H" is called the multiplicity of the weight. If dim H"” = 1 the weight
vector is unique up to scalar; we say that the weight is multiplicity-free. We call a represen-
tation weight-multiplicity-free* if all of its weight spaces are one-dimensional. Note that all
our scenarios have this property. For such representations, the basis of weight vectors in H
is uniquely defined by 7, up to independent scaling, This is not the case, for instance, with
the adjoint representation where the role of H is taken by the complex Lie algebra g, whose
weight space decomposition and basic properties we recall next.

4We use the longer name to avoid confusion with the several existing notions of ‘multiplicity-free representations’,
depending on which multiplicity one refers to. For instance, in [50] the author calls ‘multiplicity-free’ what we call
here by its other popular name ‘spherical’.
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The structure of a compact connected Lie group is encoded in its adjoint representation on
the Lie algebra, its complexification Ad : G — GL(g). (For a group linearly represented on a
vector space H, provided the representation is injective on the Lie algebra, the adjoint action
can be expressed by conjugation of the linear operators, Ad,(H¢) = gHeg™!, for g € G and
¢ € g, where we abuse notation identifying the group elements with the linear operators on H
given by the representation. The result is independent on the choice of H.) The weight space
decomposition of g with respect to the fixed Cartan subgroup 7 is called the root space decom-
position and the nonzero weights are called roots; these were already mentioned for our exam-
ples. The weight 0 occurs and its weight space is the complexified Cartan subalgebra t€ = g°.
The set of nonzero weights A = Supp(g) \ {0} is called the root system. The root spaces g%,
« € A are one- dimensional, and we pick generators E,, called root-vectors, or root-operators
when a representation H is given. Thus the root space decomposition has the form

0= €0 (@) Ec.

acA

It is known from the structure theory of semisimple Lie groups that the negative ones can be
chosen so that Ef, = E_,, so that

t=t® (P (Ea — E—art(Ea + E_a))0).

aEA L

The most basic property of root-operators is that, for any representation g — gl(#) and any

weight 7, with corresponding weight space H" = <77>> , we have
C

E, :H" — H"™™ | E.ln) o« |n+a).

Any oriented hyperplane in t \ A defines a decomposition of the root system into positive and
negative roots, A = A, U A_, which satisfies A, = —A_. We fix one such decomposition.
The set of root-operators is accordingly split in two subsets, known in physics as creation and
annihilation operators. Our convention is to associate positive roots to annihilation operators;
in this way the ground state of a system, defined by the vanishing of the annihilation operators
will correspond to a highest weight vector with the standard conventions of representation the-
ory. The positive root-operators, together with the Cartan subalgebra span a subalgebra of g,

btc®<Ea, a€A+> ,
C
which is a maximal solvable subalgebra, called a Borel subalgebra.

The Cartan—Weyl theorem, classifying the irreducible representations of reductive complex
Lie algebras (and, consequently, of compact connected groups), states that in every irreduc-
ible representation g — gl(7), the Borel subalgebra b has a unique, up to scalar, eigenvector,
called the highest weight vector of H, denoted here by |\). Its weight ) is called the highest
weight and determines the irreducible representation up to isomorphism. (See e.g. [48, 49].)

Let us go back to our examples, starting with distinguishable particles. Taking £’s as stand-
ard basis vectors in R™, it is easy to see that the weights for the distinguishable scenario are
of the form

1 1 1 L L L
(@ o))

where for each k we have n*) € {0, 1} and #{i : n® =1} = 1. For S£(CV), we have

10
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(M,m2s---my) = mi € {0,1,...,L} and Zni =L

For AE(CN), we have
(Msmase-osmy) s i €{0,1}and #{i: n, =1} = L.

The positive root operators have the form

E)®le-0L.. 100 10E", | <i<ji <N, (10)
E;il® - - @1+ +1®---@1QE; 1<i<j<N, (11)
aia;, aial 1 <i<j<N. (12)

for the distinguishable, indistinguishable and Fock space scenarios, respectively.
For the algebra u(N), all the roots are of the form

(ary..oan) s o € {=1,0,1}, #{i: s =1} =#{i: s =—-1} =1,

and the positive roots satisfy the condition that if o; = 1 and «; = —1, then i < j. The roots
of 0(2N) algebra read

(al,...,aN) LQ; € {—1,0,1}, #{l «; 750} =2,

i.e. signs of the nonzero components vary independently. The positive roots are such that if
a; #0and o # O fori < j, then oy = 1 and o; = 1.

There are two properties of the representations corresponding to scenarios that involve
fermions and distinguishable particles that make our considerations simpler. Namely, all
the aforementioned representations are minuscule and weight-multiplicity-free. The latter
ones were introduced above. Minuscule representations are representations, for which all
weights are extreme points of Conv (Supp(H)), see e.g. [25]). Minuscule representations are
weight-multiplicity-free, since the extreme weights are multiplicity-free for all irreducible
representations.

Let us next define a subgroup of K, which will play a central role in the general construc-
tion of the spectral polytope from doubly excited states.

Definition 1 (Projective stabiliser of |T')). The projective stabiliser of |¥) is the sub-
group Kjg] C K, which consists of elements of K, for which |¥) is an eigenvector, i.e.

K = {k € K : k|¥) = c|V) for some ¢ € C}.

The name projective stems from the fact that subgroup Kjy| does not change under the
complex scaling of |¥). In other words, K[y is the stabiliser of the complex line over [¥),
which is a point in the complex projective space P(H).

3. Spectral polytope via the momentum map

In this section, we introduce a geometric description of the one-particle reduced density
matrices. These matrices appear naturally when one considers the momentum map, which we
denote by .. The momentum map assigns to a state |¥) an element of the Lie algebra £ in the
following way.
_ 1 (Ux]¥)

i

1
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where (-, -) denotes the Hilbert—Schmidt product. Note that the momentum map is invariant
under complex scaling of |¥), i.e. u(c|¥)) = u(|¥)), ¢ € C — {0}. Therefore, we can restrict
to considering only normalised states (¥|¥) = 1. For a normalised state, equation (13) can be
rephrased in terms of the expectation values of hermitian observables (X

we tr(p(|P))X) =Eg(¢X) forall X € ¢.

Therefore, 11(|¥)) is the unique operator in i whose expectation values in i coincide with
those of |¥). In the distinguishable scenario, when ¢X are from the set of local observables
(see formula (3)), the above equation becomes nothing but the definition of the one-particle
reduced density matrices. For early works that explored this connection, see [22, 23]. In other
words,

@i O = (1p1 (), 1p2(P), ..., 1pr(P)) € ik,
where

(V) Eo(1®@---®10X01@---®1) = tr(p(V)Xy) for all 1Xi € u(Ny).

By choosing ¢X; = 1, we see that trp,(¥) = 1. Similarly, for the scenario with indistinguish-
able particles we get that the momentum map assigns to a state its one-particle reduced density
matrix

s 1) > 01 (D),

where
p(0): Eg((X®1®@ - @1+ +1®---@1®X)
= tr(p; (¥)eX) for all X € u(N).

Here, choosing (X = 1yields trp; (¥) = L. In the fermionic Fock space scenario, the momen-
tum map gives the coefficients of the correlation matrix of state |¥), which is a real, antisym-
metric matrix with entries given by
(Wlewel|¥)

(v|w)

Then, using the Hilbert—Schmidt product, we have the identification

Mi(|9)) ==

N
1
() = W2 ( E My _10itH; + E 2 (Maipj — Mai—12j—1) Xij
i1

1<i<j<N

+ Z 2 (Maipj—1 — Mai—1 ) Yi,j>.
1<i<j<N
Therefore, the problem of determining the set of possible one-particle reduced density matri-
ces for systems of distinguishable or indistinguishable particles and the problem of finding the
set of possible correlation matrices for the fermionic Fock space, is equivalent to the problem
of describing the image of the momentum map defined in (13) stemming from a representation
of a compact connected group K. So far, we have not used the most important property of the
momentum map, namely, its K-equivariance. Indeed,

pHA{0} = ¢,

is compatible with the K-actions given by the representation on H and the adjoint action on €,
respectively, in the sense that

12
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p(UIT)) = UTp(19))U, U € K.

This K-conjugation in £ preserves momentum image. This property allows us to parametrise
the image of x by its intersection with the subspace t of the diagonal matrices, since any
matrix from the Lie algebra £ is K-conjugate to an element of t. In the scenarios with a fixed
number of particles, the image of  is parametrised by the spectra of the one-particle reduced
density matrices. We call these spectra the local spectra. For the Fock space scenario, recall
that any real antisymmetric matrix M can be brought by the orthogonal transformations to a
form, where the only nonzero entries are the occupation numbers My;_ »;. This is equivalent
to diagonalising the matrix p(|¥)). In order to make the parametrisation unambiguous, we
order the eigenvalues decreasingly. The set of diagonal matrices with decreasingly ordered
local spectra is called the positive Weyl chamber, which we denote by t.

te={(n,m,....ow): m=m ==y =0} for £ =u(N),
t,=tPetPe. .ot for e=uVi) @ - @ uNy),
te={(m.m.....0w) t m Zm = =y, v—1 +ny > 0} for €= 0(2N).

In this notation, the image of the momentum map can be described as
p(H) = KM (u(H) Ntk

The celebrated convexity theorem, which has been first stated for abelian groups by Atiyah
[4], and later developed by many others [16, 18, 19, 21, 31, 35] states that (in a setting much
more general than the one introduced in this paper) the intersection of the momentum image
with the Weyl chamber is a convex polytope, called the momentum polytope. We denote this

polytope by
P(H) = p(H) Nt

and refer to it as the spectral polytope according to the physical interpretation explained in
section 1. Elements in the spectral polytope are one-body quantum marginals of pure states
that are diagonal with ordered eigenvalues.

Let us next point out a key technical ingredient of our method. It concerns a distinguished
class of subspaces of H, whose momentum images are easy to find, and are in fact convex
polytopes spanned by sets of weights. These subspaces are spanned by weight vectors, whose
corresponding weights have the property of root-distinctness defined below. The basic idea is
due to Wildberger, [24], and has been developed further by Sjamaar, [18].

Lemma 2. [I8, 24] The momentum image of a state |V) lies in the Cartan subalgebra t if
and only if (¥|E,|¥) = 0 for all roots o € A.

Proof. Recall that operators X, =it(Eq+E_,) and Yo=E,—E_, form
an orthogonal basis of the non-diagonal part of &£ Hence, p(|¥)) is diago-
nal if and only if (u(|¥)),X,) = (u(]¥)),Ys) =0 for all «. This is equivalent to
(u(|9)), Eq) = (1(|¥)), E_o) = 0 for all . By formula (13) we obtain the claim. O

Definition 3 (A root-distinct subset of weights). A subset of weights A’ C A is called
root-distinct, if for every pair {n, v} C A’ we have

n — v # a for all roots o € A.

Definition 4 (The support of a state). The support of a state (V) C A is the set of
weights such that the corresponding weight vectors occur with nonzero coefficients in the
decomposition of |¥). In other words,

13
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E(W):={neA: (n¥)#0}.

Lemma 5. [4] Consider H as a representation of the maximal torus T C K. The torus mo-
mentum map i1 is the K-momentum map composed with the projection on t, i.e. it = pry o [i.
In other words,

(nr (W), cH) = (u(|9)), tH), H € tC &

The image of pr is the convex hull of weights with

pr | > agy | = D layln. (14)

neSupp(H) neSupp(H)

Proof. Decompose |¥) with respect to the weight spaces

Oy =D ayln).

nESupp(H)

Equality pr = pry o  is just a consequence of the definition of the momentum map (equation
(13)). For the elements of the Cartan algebra, we have for normalised |¥)

(W), He) = > Gvay(vlHeln) = Y lay(n.€).

nveX(¥) neX(w)

Hence, by the non-degeneracy of the Killing form (-, - ) we obtain (14). O

Lemma 6. For a state, whose support is root-distinct, we have p(|¥)) € t. In particular,
the weight vectors are mapped by 1 to their weights.

Proof. Firstly, note that if ¥(|¥)) is root-distinct, then X(E,(|¥))) N X(|¥)) = @ for all
. This in turn means that (U|E, |¥) = 0 for all o, hence u(|¥)) is diagonal. For the diagonal
part, we have formula (14). O

In systems of distinguishable qudits, root-distinctness of set A’ C A means that for every
pair p(|ir, ..., i), p(ljis---,jr)) € A, we have #{k : i # ji} > 1. For fermions, the pairs
must be of the form p(|iy) A lia) A=+ Alir)), w(|j1) Alj2) A+ AljL)) € A, with the con-
dition #{k : i # ji} > 1. The root-distinct sets of a maximal size have proven to be use-
ful in finding the spectral polytopes for small fermionic systems, namely for A* (C®) and
A3 (C7) [26]. For A* (CS) the weight vectors corresponding to weights from the maximal
root-distinct sets are [1) A [2) A [3), [1) A [4) A |5),]2) A |4) A[6),13) A |5) A |6). For A (C7)
the weight vectors corresponding to weights from the maximal root- distinct sets are the same
as for A* (C®) plus the weight vectors |1) A [6) A [7),|2) A [5) A |7)and |3) A [4) A [7). Using
lemma 6, one can easily compute the part of the spectral polytope stemming from the maximal
root-distinct sets of weights. The authors of [26] have shown that the local spectra of states,
whose support is a maximal root-distinct set of weights, yield the entire spectral polytope for
A3 ((Cé) and A* ((C7). To prove that, they used the knowledge of the universal space for the
action of the local unitary group on the respective Hilbert spaces, which gives a canonical
form of a quantum state up to the action of local unitaries. Recently, the universal LU-spaces
have been described for any system of three fermions [56]. However, it is difficult to apply

14
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the approach from [26] for systems larger than A* ((C7), as the states from the universal space
have non-diagonal 1PRDMs and the number of equations one has to take into account to make
the IPRDMs diagonal, grows fast with the number of modes.

Let us next briefly review a result regarding the structure of the spectral polytope [18].
Namely, the spectral polytope can be written as an intersection of local cones

PH)= (] Clte)

[P)ep="(ty)

where a local cone C(Yy ) is the polyhedral cone at vertex p(|¥)), spanned by the momentum
polytope stemming from the action of the centraliser of x(|¥)) on space Yy. Space Yy is
defined via the symplectic slice at |¥) (see theorem 6.3 and definition 6.4 in [18]). We will not
go into the details of the construction of symplectic slices, as in this paper we only consider
a specific local cone, for which the description of Yy is much simpler. We only mention, that
the above intersection of cones is locally finite, which means that any point £ € P(H) belongs
to a finite number of local polytopes.

Another important property of local cones is that if we choose p(¥) to be a vertex of
P(#), then the cone at vertex p(¥) spanned by P(H) is precisely the local cone C(Yy). In
other words, such a local cone describes the spectral polytope around the chosen vertex [18].
In particular, this means that

P(H) CC(Yy) Nty (15)

for |¥') being mapped to a vertex of P(#). The vertices of the spectral polytope u(H) Nty
fall into two types: ones inherited from the full momentum image and ones resulting from the
intersection with the Weyl chamber. To this end there is the following theorem.

Theorem 7. [18]If P(H) is of full dimension and v is a vertex of P(H) that lies in the inter-
ior of the positive Weyl chamber; then the projective stabiliser of any | V) € u~'(v) is equal the
maximal torus. In particular, | V) is a weight vector.

Polytope P(H) is of full dimension iff its dimension is equal to the dimension of t minus the
constraints for the normalisation of the image of 1, see section 3. This is true iff the derivative
dp at a generic state is surjective or, equivalently, the stabiliser of a generic state is discrete.
By theorem 7, vertices of the spectral polytope are either weights, or belong to the bound-
ary of the positive Weyl chamber. The situation simplifies, when the representation of K on H
is irreducible, as is the case with all our scenarios. Then the non-entangled states form a single
projective K-orbit, and P(H) has a distinguished vertex—the highest weight (see figure 1).
The local cone at this vertex is the subject of the next section. It can be studied using the fol-
lowing lemma, since its hypothesis is satisfied by the ground state, as we shall show below.

Lemma 8. [I8] If the centraliser of (| V) is equal to the projective stabiliser of |¥), then
the symplectic slice is isomorphic to the normal space at | V), i.e.

Yy =Ny = T|\I;>H/T|\I/>(K|\I/>).

As a consequence, the local cone at|V) is the cone at u(|¥)) spanned by the polytope P(Ny),
where Ny is regarded as a (possibly reducible) representation of K,,(|w)).

4. The local cone at the ground state and osculating spaces

A weight vector, which is annihilated by all positive root operators is called a highest weight
vector. When the representation is irreducible, the highest weight vector is unique up to scalar.

15
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Figure 1. The spectral polytope (light grey) for the representation of SU(2) x SU(2)
on H = C? ® §* (C?), which is the system that consists of one qubit and a system of
four bosons occupying two modes. In the mode population notation, the highest weight
vector is |A) = |0) ® |4,0). The entire gradient-grey shaded area is the local cone at the
highest weight.

It will be denoted by |A), with A being the highest weight. By the Cartan—Weyl theorem the
irreducible representations of compact connected groups (or equivalently their complexifica-
tions) are classified by their highest weights.

As we explained in the section 1, the highest weight of a representation can be viewed as
the ground state of a hamiltonian with no interactions between the particles, whose spectrum
is non-degenerate. Indeed, the choice of a specific hamiltonian means fixing a maximal torus
T. This is done by taking the weight vectors to be the eigenvectors of such a hamiltonian.
Then, the highest weight vector can be chosen to be the eigenvector that minimises the energy.

In all our scenarios the representations are irreducible, and the highest weight vectors and
the corresponding highest weights are:

M=ol o1), A= ((1,0,...,0),...,((1,0,...,0))) for Hp,

) =[1) V[1) V-V [1), A= (L0,0,...,0) for S“(CY),

N =D ARYA--AIL), A= (1,1,...,1,0,...,0) for AL(C),
111

=19 A= (Fge3 ) for 7

11 1 1
|)\> :a;/|Q>, A= (2, 2,...,2,—2> fOI‘]:o.

All T-weights of the representation H are obtained by adding sequences of negative roots
to the highest weight:

Supp(H) C X+ Conez_,(A_).

Let us remark that, in the scenarios not involving bosons, there is only one weight that
belongs to t;, namely the highest weight A. Note that the local cone at the highest weight
intersected with t, is in general larger than the spectral polytope (figure 2).

Since the choice of a particular vector along the eigenline is irrelevant, it is suitable to con-
sider the projective space P(#) and denote by [¥] the point corresponding to the line spanned
by a nonzero element |¥) € H. The projective K-orbit of the highest weight line has the form
K[A] = K/K|; given by the orbit-stabilizer theorem, where K|y is the projective stabiliser
of |A). The manifolds obtained this way share many interesting properties, they are known as

16
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Figure 2. A schematic picture showing the relation between the entire spectral polytope
and the local cone at \. The entire spectral polytope is the dark grey area. The positive Weyl
chamber is the area between the arrows. The whole grey area is the cone at \ intersected
with the positive Weyl chamber. In order to obtain the spectral polytope, we have to cut a
part of the grey area with the cone at vertex v, which lies on the boundary of t,.

flag varieties, and constitute the class of all simply connected homogeneous compact Kéhler
manifolds, when K varies over all compact semisimple groups. We shall not discuss them
at large but focus on some properties related to the projective embedding K[A] C P(#) and
K|\) C H.

Lemma 9. [2] The projective stabiliser Ky of [\] € P(H) equals the centraliser of the
highest weight A € ty, i.e. Kjx) = K. Consequently, the projective orbit K[\] € P(H) is iso-
morphic to the (co)adjoint orbit K\ C ¢.

This enables us to apply Sjamaar’s lemma 8 in the computation of the local cone. The
lemma involves the tangent and normal space to the orbit space, which are discussed in the
next section.

4.1. The orbit of non-entangled states

In this section we review some key facts concerning the non-entangled states. As the main
result of this section, we construct a basis of the tangent space at the ground state to the set of
non-entangled states—formula (17).

For systems of distinguishable particles, a state is non-entangled if and only if it is separa-
ble, i.e. can be written as a simple tensor

|T) = |¢1) @ [¢2) ®@ -+ @ |¢L), (16)

where |#;) is a vector from CM. Any state, which cannot be written in the form (16) is entan-
gled. Note that any separable state can be obtained from the highest weight vector by a SLOCC
operation, i.e. |¢1) ® |¢2) @ -+ ® |¢r) = £1]0) ® £|0) ® - - ® g.|0) for some gi,...,gL.
In other words, the set of separable states is the G-orbit through the highest weight vector.
Extending this approach to other scenarios, we give a general geometric definition of the set
of non-entangled stated.
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Definition 10. The set of non-entangled states is the G-orbit G|\) through the highest
weight vector.
For specific scenarios, we have the following forms of non-entangled states.

e System of L fermions in N modes: Hg = AL ((CN ), the non-entangled states are Slater
determinantal states

(@) = [¢1) Ala) A~ Aler), |d:) € C.

The set of non-entangled states in the projective space P(Hg) is also the Pliicker embed-
ding of the Grassmannian Gr(L,N).

e System of L bosons in N modes: Hp = St ((CN ), the non-entangled states correspond to
permanental states

(@) = [¢1) V I2) V-~V |n), ) € C.

The set of non-entangled states in the projective space P(Hp) is also the Veronese embed-
ding of IP(CN ). In the case, when N = 2, the set of non-entangled states is also called the
set of spin-coherent states. Such a setting corresponds to one quantum spin with total
angular momentum j = L/2.

e Fermionic Fock spaces on N modes: F, and F,. The set of non-entangled states is the
set of fermionic pure Gaussian states. In the mathematical literature these are called pure
spinors. Their general form is [55]

W) = etalal...al|), k<N,

7 — ,—B, 1B i - LB c.c: = LA .cici
where a; = e Paje”. Matrices B =3, oy 3Bijcicj and A =37, oy 7Aijcic)

are elements of group Spin(2N).

Remark 1. Viewed in H, the set of non-entangled states consists of many K-orbits. In fact,
G|A) intersects each sphere in H centered at 0 at a single K-orbit and, as stated in the next
lemma, the projective orbits are equal: G[A] = K[A] C P(#). Since he momentum map  is
K-equivariant, and its definition includes a normalisation, we have

n(GIN) = u(KIN) = KA . KANE = {A}.

In other words, all the non-entangled states have the same spectra of the one-particle reduced
density matrices, given by the highest weight .

Recall that the tangent space to an orbit of a Lie group can be naturally identified with the
quotient of the Lie algebra by the subalgebra of the stabiliser at the chosen point. Since we are
considering the projective stabiliser of a weight vector, we have t C £,. Hence £, is preserved
by the adjoint t-action on £ and so is its orthogonal complement which we denote by m, so
that we get

t= E)\ dm, T[,\]K[)\] = E/E)\ =m.

It will be useful to describe the tangent space in terms of roots and to this end we consider the
action of the complexified Lie group G = K© and its Lie algebra g, where the root-operators
belong.

Let tH) € t be the operator corresponding to A\. We consider its adjoint action on g,
ad,y, (A) = [tHy,A], and denote by g} its zero eigenspace (which is the centraliser of Hy)
A the sum of the eigenspaces of tHy with positive and negative eigenvalues,

and by g%, g
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respectively. Let A = A} U A% U A2 be the corresponding partition of the root system. The
eigenvectors of ad, g, are the root operators, as ad,y, (Es) = (A, &)Eq,. Therefore, we have

Ay ={aeA: (a,))=0}, AL ={a€A: (a,)) >0}, A ={a € A: (a,)) <0}

Lemma 11. [54] Let M = K[\ C P(H) be the projective K-orbit through the highest
weight vector of an irreducible representation. Then

(i) M is a complex algebraic subvariety of P(H), preserved by the complex group G. It is the
unique compact projective orbit of the complex group and the unique complex projective
orbit of the compact group K.

(ii) The stabiliser Gy is a subgroup of G, containing the Borel subgroup B, so-called para-
bolic subgroup, so that M can be also written as G/Gpy}. The Lie algebra of Gy, is the
sum of the eigenspaces of LtH with nonnegative eigenvalues:

g =90} © oo
Furthermore, E(f\: = gg‘. This complex Lie algebra is called the reductive Levi component
of the parabolic subgroup, while gi is the nilpotent radical.

As a consequence, we can write the tangent space to M in the following simple basis.

Lemma12. Let M = G|)\) denote the complex orbit of the highest weight vector in H. Then
its tangent space is given by

TG\ = <|/\>>C @ <Ea|/\>, = Ai> . (17)

C

The weights of T\, G|\) are X and the set \ 1 AX.

Proof. Note first that the line through |)\), i.e. the complex span C|\) C H belongs to
T»)G|\). Tt is in fact (except for the point 0) contained in the orbit G|)), since \ defines
a nontrivial character of 7 and T|\) = C*|)\). Thus the tangent space to G|A) splits as the
sum of C|)) and the tangent space to the projective orbit G[A]. Using the decomposition
g =g} ®g) ®g> and part (ii) of lemma 11, we obtain that the tangent space to G[}] is iso-
morphic to g/g[y = g?, which is in turn the span of E,, for o, ¢ A>. This space is embedded
in H via the action at |A), which yields the desired formula. The statement for the weights
follows from the fact that any root-operator sends weight spaces to weight spaces, and E, |\)
has weight A + a. O

4.2. The normal space, osculating spaces and j-excitation spaces

The entire vector space H can be obtained from the highest weight vector |\) by applying
finite sequences of root operators E,,« € A_ and taking linear combinations. In the repre-
sentation theoretic language, this amounts to the action of the universal enveloping algebra.
We shall avoid the general terminology and confine ourselves to a concrete construction.

Consider the following sequence of subspaces of H, called the osculating spaces to the
orbit G|)\), obtained by acting on |\) by sequences of a given length:

0’ =0/,,G|\) = <X1X2...Xj|>\) D X € g> ,
C
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for any fixed j € Zxo. We also set 0?/\> = C|\). Geometrically, the jth osculating space is
spanned by the derivatives, up to order j, of (complex or real) analytic curves 7 — |¥,) lying
on G|\) and passing through |A).

Lemma 13. Denote for simplicity O/ = OfA>G|A>. The following hold

(i) To obtain O it is sufficient to apply only j-sequences of elements E,, with o € A_. The
osculating spaces at |\) are preserved by Ky and form an exhaustion of H by nested
K\ -subrepresentations:

0c0’co'cO®*c..com=H,

with 0° = C|\) and O' = T,yG|\).
(ii) Let N; denote the orthogonal complement of O0’~Vin O for j > land Ny = 0° = C|\).
Then H decomposes as a direct sum of K-subrepresentations:

H=No®ON &N, D ... BN,

‘max *

(iii) The normal space to G|\) at the point|\) is given, upon identification with the orthogonal
complement of the tangent space, by

Ny =EPN.

22

Proof. The Ky-invariance of O follows by induction, the base case being the tangent space
to the orbit. The fact that it suffices to employ only negative root vectors follows from the
Poincaré-Birkhoff-Witt theorem (see [49]) applied to the bases of g given by the root vec-
tors and arbitrary elements form the torus. Indeed, using the commutation relations, any op-
erator resulting from a j-sequence X;...X; can be written as a sum of operators of the form
Eo,..Eq,Hp, ..Hg E. ..E,, with p+g+r<jand oy € A, B € A, 7 € Ay. Since the
highest weight vector is fixed by the Borel subalgebra b and annihilated by the positive root
vectors, we see that Eq,...Eq,Hg,...Hp E,,...E,, A) vanishes whenever r # 0, while, when-
ever r = 0, it is proportional to E,, ...E,,|)\) and belongs to the weight space of the weight
A+ aj + ...+, Hence, Space O is spanned by vectors Eg,...Eq,|A), ai,....qp € A,
p < j. These observations imply part (i). Part (ii) follows directly from part (i) and the defi-
nitions. Namely, if spaces ¢V are K invariant, then N; = O//07~! are also K, invariant. By
definition we have N; N N; = @ for i # j. For part (iii) note that No & N; = O' = T GIN).
Hence, the complement is the normal space. O

Definition 14. The spaces N; are called the j-excitation spaces of H, relative to the ground
state | \).

In the language of representation theory, and projective geometry, N; is known as the jth
normal space to the orbit. N, is the image of the GaufBian second fundamental form of the
embedding, and analogously N; is the image of a generalization called the j-fundamental form,
see [25].

For the scenarios that are considered in this paper, the description of j-excitation spaces
simplifies, because the weight spaces are one-dimensional. Hence, we can apply the follow-
ing lemma.

Lemma 15. Assume that H is a weight-multiplicity-free representation. Then, the j-excita-
tion spaces are determined completely by their weights and
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Aj = Supp(N;) = {n € Supp(H) :n =X+ a; + -+ aj,ar,...,q; € AN}

(18)

Proof. For weight-multiplicity-free representations weight vectors are in a one-to one cor-

respondence with weights, hence we can consider only weights, and sequences of roots added

to the highest weight, instead of sequences of root operators acting on the highest weight

vector. The proof will be inductive. Firstly, note that all weights of N;; are necessarily of

the form A + oy + - - + oy, a1, ..., 41 € A_. This is because applying to |\) sequences of

negative root operators of length smaller than j + 1 results with vectors from O/, which we
mod out by definition. Denote

IWjJrl = <|)\+a1 +-~-+aj>,aj+1 S A> .
C

By the above remark, j-excitation spaces are equivalently given by

Nij1 = Mj1 /0. (19)

Let us begin with N;=0'/0"=T,yG|\)/|\). By lemma (17), we have

N, = <Ea|/\), ae AN > , which for weight-multiplicity-free representations means that
C

Ny = <|/\ +a), a e Ai> . Now suppose that N; is spanned by weights of the form (18).
C

Clearly, the space spanned on the weight vectors with weights from A; ; is a subspace of N4 .
For the sake of contradiction, suppose that in the basis of Ny there is a weight vector, which
is of the form |\ + oy + - - - + aj41) with o € A} N A_ for some i < j+ 1. Without any loss
of generality we can assume that i = j + 1. By definition |\ + a; + - - - + a;) belongs to ¢ and
does not belong to M;41. By the K -invariance of ¢/, we have Eq A +o1+- +aq;) €0/,
hence by (19), vector |\ + o + - - - + ;1) does not belong to the basis of Nj. O

Remark 2. Ifn € Ajand & € Ay with|j— k| > 1, then 1 and ¢ are root-distinct.

To determine the local momentum cone at A, we are brought to consider the K-action on
the normal space N = @®;>2N;, and the respective momentum image. This representation is
not irreducible except in special cases. It is necessarily reducible, whenever j.x > 3. In sec-
tion 6 we show how the j-excitation spaces decompose further into irreducible components
for specific scenarios. As basic tool for the calculation of momentum images of reducible
representations in terms of the momentum images of their summands we have the following.

Theorem 16 (Momentum image for a direct sum of representations [24]). Let H,
and H, be two unitary representations of K and let H = H, & H,. Then,

pH)={Xect: X=X1+ (1 —1)X2, 0<t <1, X; € p(H1), X2 € p(Ha)}

In other words, the momentum image of a direct sum of representations is the set of all line
segments that connect the momentum images of the components.

Proof. Anynormalisedvector|¥) € Hisoftheform|¥) = z;|T,) + 22| ¥>),
for some |¥;) € H,;, (¥;|¥;) = 1. For any X € £, we have

t(p(|0)), X) = @ (0| + 22 (W)X (21| 1) + 22| W2)) = |21 |2 (W] X|T)
+ |22 (T |X|D5),

21
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where we used the fact that (U |X|T,) = (¥,|X|¥;) = 0. In other words,

((19)). X) = |21 P ((]91)). X) + |22 (1e(] ¥2)). X) forall X € €. 0O
For brevity, we will call such a momentum image the join of momentum images of the
components.

Definition 17 (Join of momentum images). The momentum image of a direct sum of
two representations of group K will be called the join of the momentum images of the comp-
onents.

Join(u(H1), u(Ha)) :={X € t: X =1X; + (1 — )X,
0<r<1, Xy € u(H), X2 € u(Ha)}

Despite its simplicity, the above theorem is in general difficult to be applied directly to find
the momentum polytope for a direct sum of representations. Note that we have to consider
not only the lines joining p(?;) Nt and u(H,) Nt (the so-called momentum rosettes), but
also the lines joining points that do not lie in t, but intersect t at some point. Such lines are
the main source of difficulties. However, in our computations we will consider a cone at A,
which stems only from one component of the normal space, namely from N,. Remarkably, as
we show in section 6, in some low-dimensional cases such a cone intersected with the positive
Weyl chamber is equal to the whole momentum polytope.

As noted in [18], the local cone at ) is contained in the cone spanned by all rays from \ to
weights from Supp (N, ). Such a cone gives is a crude approximation for the spectral polytope,
which boils down to considering the convex hull of local spectra that correspond to computa-
tional basis states (weight vectors) that are more than one excitation away from |\).

It is tempting to expect that for some classes of representations the momentum polytope is
given just by the intersection of the local cone at A with t;. In such a case, any face of P(H)
must necessarily contain either the vertex of t; or the highest weight (or both). However, it
turns out that for some physical scenarios the spectral polytope is more complex. For exam-
ple, the description of the momentum polytope for Hp = C* ® C* ® C* given in [20] shows
that there are some faces that contain neither \ nor the vertex of t. One such face is given by
inequality

- 5711(1) - 7751) + 377§1) + 3775” - 5775” + 3n§2) + 3n§2) - 775;2) + 5771(3) + n§3)

- 3773(3) — 377£3> > 15.

Similarly, for A3(C?) an exemplary face that contains neither A nor the vertex of t is [10]

S —3m — 33 +na+ 15 +5n6 — T + 15 2= 3.

5. Spectral polytope from doubly excited states

Here we define a polytope stemming from doubly excited states, which we later compute for
different scenarios in section 6. As the central result of this section we show that the spectral
polytope stemming from doubly excited states is contained in the whole spectral polytope.

Definition 18 (Spectral polytope from doubly excited states). Let \ be the highest
weight of an irreducible representation of K on H. Let N, C H be the 2-excitation space from
definition 14. Denote the momentum polytope for the representation of the stabiliser of the
highest weight, K, on N, by

22



J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

Figure3. Spectralpolytopeforthesystem# = $? (C?) @ $* (C?).Inthemodepopulation
notation, thehighestweightvectoris|2, 0) ® |3, 0). Thehighestweightliesintheinterioroft,,
hence Ky=T. N, = <|2,0) ®11,2),]1,1) ®|2,1),10,2) ® |3,0>> ~“CqpCaC.

C
The image fik, (N2) is the convex hull of weights from Supp(N,)—the diagonal solid

line. Different parts of momentum polytope that are discussed in the proof of theorem
19 and in its preceding paragraph are marked with grey.

Pir (N2) = puiey (N2) 0 (8) 45

where (ty) is the positive Weyl chamber of K. The spectral polytope from doubly excited
states, P,(H), is the cone at \ spanned on Pk, (N2), intersected with t4, i.e.

P2(H) := Coney (Pk, (N2)) N 5.

In other words, this is the intersection with t; of the set of all rays that begin at A and intersect
Pk, (N2).

It is a nontrivial problem to determine which points of P,(#) lie in the image of the momen-
tum map. By definition, points in g, (N2) are contained in pg(P(H)). By the convexity of
momentum map we have that Conv (pg, (N2) N ¢4, A) is contained in ug () N t;. However,
the polytope P,(H) is larger than this set. In fact, ug, (N2) N t4 can be an empty set, whereas
P,(H) is nonempty whenever N, is non-trivial. As an example, consider the representation of
SU(2) x SU(2)on H = §? (C?) ® $* (C?), which describes two separated systems of bosons,
each system consisting of two modes. The spectral polytope and its relevant parts are shown on
figure 3. The extreme weights are root-distinct, hence pg (#) is equal to their convex hull. The
spectral polytope coincides with P, (H). Set Conv (ug, (N2) N t4, A) is marked as the dashed
light grey area. This area is much smaller than the spectral polytope. There is a larger part of
the polytope, which is given by just by the positive part of the convex hull of Pk, (N,) and the
highest weight (the entire grey area on figure 3). As we show in the proof of theorem 19, such

a part is obtained as the local spectra of states from H ) := <|>\>> @ N». However, in order to
C
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obtain P, (H) one has to add the dark-grey triangle in the corner adjacent to point *, which does
not come from the momentum image of . Theorem 19 asserts that there is no such region
for the scenarios with fermions and distinguishable particles. However, such a region exists in
the scenarios involving bosons. Hence, to prove a fact analogous to theorem 19 for bosonic
scenarios, we compute the polytopes directly in section 6.3 and compare them with P, (H).

Theorem 19. For representations, which are weight-multiplicity-free and minuscule, the
spectral polytope from doubly excited states is contained in the whole spectral polytope, i.e.

Pr(H) C P(H).
Moreover,

P (#H) = Conv (A, Pk, (N2)) M.

Proof. Recall that polytope P,(H) is constructed by considering rays from A to
Pk, (N2) C Conv (Az) N (ty)+. Every such ray is of the form

(IL=0X+1Y agn, > ap=1,a,>0,1€R,. 20)
neN; nei;

We will next show that every such ray intersects the positive Weyl chamber at # < 1. Denote
the set of simple roots by II. Element of the Cartan algebra ¢ is in the positive Weyl chamber
if and only if (£,) > 0 for all v € II. Therefore, ray given by formula (20) intersects the
boundary of the positive Weyl chamber if and only if for some v € II we have

(=) +1> ay(ny) =0.
nei;

Equivalently,

A7) 3 an(/\*rm) _o

T ) B G G )

Recall that minuscule representations are such that all the weights are extreme. This means
that % € {0, 1} for all v € II. Therefore, we can restrict the set of the considered simple

roots to IT — TI), where IT) = I N A}. By definition of Ay, we have A — n = a + 3 for some
a, B e Aj\r. Recall that for any two roots, we have

(.7)
(7:7)

Because «, 8 and -y are positive roots, we have

(a4 B,7)

€ ZL>yp.
(:7)

=z

In particular, if there exist v € Il and « € Ai such that («,7y) # 0 (which is a necessary
condition for the ray to have a nonzero intersection with the boundary of the positive Weyl

(a+B1)

chamber), we have
(V)

> 1forall B € A%. This in turn implies that
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A —
Z an( n.7) > 1,
o )

hence the ray intersects the boundary of the positive Weyl chamber at
—1

(n,7)

(7:7)

t=1|1- ay
2

In the above formula, we used the fact that (A,7)/(7,~) = 1. Therefore, the intersection of
the N,-cone with the positive Weyl chamber takes place within the convex hull of Pk, (N2)
and the highest weight, i.e.

P2(H) = Conv (A, Pk, (N2)) N t4..

Consider the space H := <)\>> @ N,. We will show that px (Hx) = P2 (H). Write vectors
C
from Hy as |¥) = a|\) + |¢), where |¢) € N, and a € C. Then, we have

1 2
ek (|¥)) = 1 T (@) (lal*X + px, (19))) -

To see this, consider the non-diagonal components of the momentum image of |¥), i.e.
(1(|¥)), Ea)-

(PIEa|V) = |al*(A|Ea|A) + G(\Eal@) + a(d|EalX) + (8|Eald) = (¢]Eald), 2D

where we used the fact that (A|E4|A\) < (A\A+a) =0 and (AE,|¢) =0, because
E.|¢) € Ny & N, & N3. Moreover, if @ € A — A, then E,|¢) € Ny & N,, hence in such a
case we have (@|E,|¢) = 0. This means that the non-diagonal components of ug and pg,
are the same. For the diagonal components, we obtain formula (21) by writing |¢) as a com-
bination of weight vectors from N,. Clearly, by choosing different values of parameter a and
all possible vectors |¢) mapped to ty, we obtain all points from the convex hull of A and
piy (N2) N4 O

As we show in theorem 20, the polytope P, () is equal to the momentum polytope for a
certain class of representations, called spherical representations. A representation is spherical,
when every fibre of the momentum map p~!(€), £ € t, is a single K-orbit, or, equivalently,
when the Borel subgroup B of G has an open orbit in the projective space P(H), [29, 46]. A
classification of spherical representations is given in [50]. In particular, all two-particle sce-
narios are spherical [47].

Theorem 20. Assume H is a spherical representation. Then the second osculating space of
the coherent orbit fills the entire representation space, i.e. 0|2)\>G|)\> = H. In other words, the

second fundamental form is surjective onto the normal space. Consequently, the polytope from
doubly excited states equal the momentum polytope, i.e. P(H) = Pr(H).

Proof. By a direct inspection of the list of spherical representations, we note that for such
representations Ny = N,. Then, Coney(Pk, (N;)) is the local cone at A, hence by equa-
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tion (15) P(H) C P,(H). On the other hand, we have P,(H) C P(H) by the same reason-

(H
ing as in the proof of theorem 19. Namely, for subspace H) = <)\>> @ N, C H, we have
C

px(Hx) = P2(H). O

6. Applications and examples

In this section we compute all spectral polytopes, which are given by the polytopes from dou-
bly entangled states. We also give a simple example of a system, where the polytope is larger
than the one stemming from the doubly excited states.

6.1. Distinguishable particles

Consider first the natural representation of U(N) on CV, i.e. a one particle scenario. The spec-
tral polytope is just a point—the highest weight, i.e.

P(CY) = (1,0,...,0).
The stabiliser of the highest weightis U(1) x U(N — 1), where U(1) acts by scalars on|1) and

U(N — 1) acts on the space <|2>, 13),...,|N >> . The positive root operators of the stabiliser
C
are|i)jl, 2 <<i<j<L.
For a system of distinguishable particles, the stabiliser of the highest weight is equal to the
product of one-particle stabilisers
Ky = xt_,U(1) x U(N; — 1).
The set of positive root operators from K}, is of the following form

1®... 1@ i)k @1 ®--- @1, 2< i <ji <N, 1 <k<L.

For the single particle scenario, the only nontrivial excitation spaces are Ny = <|1>> and
C
N =(]2),..., |N>> . It is easy to see, as the set of negative root operators for roots that do

. /c . o
not belong to Ay is equal to {|n)1|, 2 < n < N}. For finding the excitation spaces of tensor
products of representations, we will use the fact that the number of excitations adds under the
tensor product.

Lemma 21. [25] Let H = H; ® H; be the tensor product of two representations. Denote

by Nj(m) the j-excitation space of H,,, m = 1,2. Then, we have

NV @ NP C Ny Ny = @ N @ NP
m-+n=j

Therefore, for a system of L particles we have

N- @ @ meny

1<k<ISL \m+n=j

In particular, for N, we only need to consider products of 1-excitation spaces of the comp-
onents, i.e.
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N, = @ CM=1 o cM=1) — @ <|m>(k) ® |">(1), 2<m< N, 2<n< N1> )
1<k<ISL 1<k<I<L C

6.1.1. Two particles. Consider the general two-particle scenario,i.e. Hp = C¥ @ CV, N > M.
Recall that the spectral polytope is in this case given by inequalities

P>l 20,9 =M for 1 <i<M, P =0 for M+1<i<N

i i ’(22)
plus the normalisation condition Zf‘il 771'(]) = 1. We will show that these inequalities can be
reproduced just by considering the polytope from doubly excited states. The first inequalities
are just the inequalities for the positive Weyl chamber of U(M), so the difficulty lies in show-

ing that ni(z) = ni(l) for 1 <i< M and 77(2) =0 for M + 1 < i < N. Firstly, note that in the

i

two-particle scenario, we have N; = 0 for j > 3. Space N, is of the form

Ny =CM-D gCcW-1 = <|m> @), 2<m<M,2<n< N> .
C

Therefore, we are coming back to the problem of describing the momentum polytope, but for
smaller one-particle spaces. We will next proceed inductively and consider the sequence of
2-excitation spaces nested in each other, i.e. Ny D N} D Ny D --- D Njmdl = C @ CIV-M+1),
We do it by picking the highest weight in each 2-excitation space and considering its stabiliser
contained in the stabiliser of the highest weight from the preceding space. For example, the
highest weight in Ny is |[N) = [2) ® |2), Ky = U(1) x UM — 1) x U(1) x U(N — 1) C K,
and the positive root operators of K, are

)1 @1, 1@ |ia)ja|, 3< it <ji <M, 3<i <j»<N.

Proceeding in this way, we end up with representation Ni" of U(1) x U(1) x U(N — M + 1),
whose momentum image is just the properly shifted momentum image for the one-particle
case of size N — M + 1.

N) =)o [2), Ng=<m>®|n>,3<m<zvk,3<n<zvl> ,
C

Ay = M — 1) @ |M — 1), N3™ = <|M> ® [n), M <n <N> :
C

The representation Ni" yields a polytope, which is just a point—the momentum image if the
highest weight, i.e.

Ppinal — (M) @ [M)) = ((0,...,0,1),(0,...,0,0,1,0,...,0))

where 1 is on the Mth coordinate in both vectors. According to the defini-
tion (18), the spectral polytope of the penultimate 2-excitation space is the cone at
Afinal —((0,...,1,0),(0,...,0,1,0,0,...,0)) spanned by P This is the line

((O’ . '91 - tlvtl)’ (0" . "0’1 - tlatlaoa' . "0))5 (S R—‘r'
The intersection with the proper positive Weyl chamber imposes the conditions that1 — #; > ;.

Hence, the penultimate spectral polytope is described by #; ranging from 0 to 1/2. In this
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way, we recover condition n( ) = 771(1/11) s 771(”2) = 77,(\41), nl(z) =0forM+1<i<N and
771(”1) | (l) . As a next step, we cons1der the cone at weight u(|M — 2) ® |M — 2)) spanned

by the penultlmate spectral polytope. This is the set described by

HE)Z_I—ZQ, 7’]};11 le(l—ll) 771&,1) = iy, 77!(1) =0 for1 <i<M—3,

1
n® =nM,0,...,0), 0< 1 < 3 2 ER.
Again, the intersection with the positive Weyl chamber gives 0 < (2 - At the end of this
procedure, we get a polytope parametrised by 1,22, - .., y—1, 0 < < ooy ! 5 0<n < 1,

whose points are

(l) (1

=1—ty_1, 7 =tu—1(1 —ty_2), 77§l) =ty—itm—a(l — ty—3),...,

ny —Htunz)— M,0,...,0).

)

Note that the normalisation Z?il n; ~ = lis satisfied automatically. Clearly, inequalities (22)

are satisfied by the above points. They can be saturated by choosing #; = @JTI) for some i.
Therefore, the polytope given by inequalities (22) is identical to the polytope defined via the

above parametrisation.

L qubits. The spectral polytope for a system of L qubits is given by the inequalities

nék) < Z nél) and nfk) > nék) forl <k<L
I#k

with normalisation n%k) + n§")

obtained from the spectral polytope stemming from doubly excited states. System of L-qubits
is the only scenario, where the highest weight is regular, i.e. lies in the interior of the positive
Weyl chamber. This means that the stabiliser of the highest weight is equal to the maximal
torus, Ky = T C K. The momentum image stemming from an action of a torus is easy to com-
pute, as it is just the convex hull of weights (see lemma 5). We will next show that inequalities

(23)

=1, see [7]. Let us next show that these inequalities can be

g < Z,# nél) describe the cone at the highest weight. Denote the weights in A, by ;.
They are of the form (we omit the tensor product symbols)

Nij = (1) D2 P D 2) )LL)
= ((1,0),....(1,0), (0, 1),(1,0).....,(1,0),(0,1), (1,0),..., (1,0)).

According to lemma 5, the polytope Pk, (N>) is the convex hull of A,. By a straightforward
calculation, one can check that for a convex combination of weights 3, _; aijAij. >, aij = 1,
a;j = 0 we have

L—1
(]) Zald, Zajk + Z akd? X <k< x L — 17 néL) = Zaj,L~
j=1

j=k+1

28



J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

1221

M2 1112

n292% 7212

Figure 4. The spectral polytope for three qubits as an intersection of two cones. The
cone at vertex * is the positive Weyl chamber, i.e. the sector, where the eigenvalues of
the one-qubit reduced density matrices are ordered decreasingly. The cone at A is the
local cone at the highest weight. The dashed line denotes the intersection of cones’
boundaries.

Any point from the N,-cone is of the form

(1 —t))\+tZaiJ)\iJ,t S R+.
i<j

Because A = ((1,0),...,(1,0)), the nél)-coordinates of the cone are just the ngl)-coordinates

of the convex hull of A, multiplied by z. Consider the expression (Z Ik mgz)) — mék). Since

all a;js add up to one, we have Zszl ng) = 2. Hence,

I k
S| —mf? =2e(1 ).
I#k

. . . k).
The above expression is always non-negative, as né is a sum of some subset of a;;s. Moreover,

the above expression is equal to zero if and only if the only nonzero coefficients are a;x, j < k
and aij, j > k (for the considered k). Such convex combinations of weights describe the
external faces of the N,-cone. Hence, we have shown that points from intersection of the
N»-cone and ty can saturate the inequalities for the spectral polytope, which means that the
polytopes are identical. See figure 4 to see how the intersection of cones gives the spectral
polytope for 3 qubits.

System of size 2 x 2 x 3. As an example, where the polytope from doubly excited states
is smaller than the whole spectral polytope, we consider the 2 x 2 x 3 system. This example
also illustrates how to compute the the momentum image of a direct sum of representations
using theorem 16. The two-excitation space is
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123 22

2]

Y

Sl
Sl

213 7212

Figure 5. The join of momentum images for (C ® C?) @ (C ® C?).

M=CeCe(CeC) e (CaC?,
where the components are the irreducible components of the representation of
Ky = (U(1) x U(1)) x (U(1) x U(1)) x (U(1) x U(2)) on N,. They are spanned by weight
vectors corresponding to weights

o2 = pl]2)[2)[1)) = ((0,1), (0, 1), (1,0,0)),

77122 = ((190)7 (O’ 1)5 (0, 190))9 77123 = ((1,0)5 (O’ 1)7 (O, O’ 1))5

22 = ((0,1),(1,0),(0,1,0)), n213 = ((0,1),(1,0), (0,0, 1))
respectively. The join of 1 (C ® C) with p ((C ® C?) @ (C ® C?))intersected with t, is easy
to compute, because 1 (C ® C) is a single point, namely 722;. Hence, the result is

Join (11 (C®C), 1 ((CCY) & (CoC?))) N (t)s

= Conv (o1, 1t ((C®C*) & (C®C?)) N (tr)4)-

For the image of ((C ® (Cz) @ ((C ® Cz), we have the following result.

Lemma 22. The K)-momentum polytope of((C ® (Cz) @ ((C ® (Cz) is given by

1
Join (1 (C® C?), pu (C®C?)) N (t2)4 = Conv (77122, mi2, 5(77212 + 77123)) .

Proof. The intersection of the momentum image of a representation with the torus is con-
tained in the convex hull of weights

pig, ((C®C?) @ (C®C?)) Nt C Conv (M2, M23: 212 7213) »

The above convex hull is two-dimensional (it is depicted on figure 5). The positive Weyl
chamber is the region z; > 0. The whole considered algebra is four-dimensional, where the
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two additional dimensions come from the non-diagonal components of u(2). The momen-
tum images of the components are the properly shifted momentum images for the U(2) ac-
tion on C2, which are known to be two-dimensional spheres. The spheres are centered at
7z = £1, z; = 0 and have radii

1 | | 1 ‘ | \ﬁ
r = — — = - — = —,
3 22 — Mi23 3 212 — 1213 2

The points on the spheres are of the form

(u, £1,0,w), W+ P+ wt =2,

where the first two coordinates are z;, z;. In order to compute the join of the spheres, we
consider the line that starts at point p; on the sphere centered at z = —1 and contains a point
p> from the Cartan algebra, i.e.

I: (1=t)py+1tps, t eRy, p1 = (u,—1,0,w), t* +0* +w? =% pr = (21,22, 0,0).

2

Line / intersects the hyperplane z, = 1 at 7 such that (—1)(1 — ) + 2ot = 1, ice. at 1 = .

For such a value of parameter ¢, the intersection point reads
1
I+2

p ((z2 = Du+2z;, 1,o,w).

The condition for p to belong to the second sphere reads

1

(1+2)? (((z2 = Du+221)* + (@ +w) (22 = 1)) = 1°,

which yields the following equation for z, as a function of z; and u.

_ Zl(Zl — l/t)

1
2 ’“6]*'”,"[, 70 = +—z foru= +r.
r-—ziu r

22

It is straightforward to check that the above family of curves fills the shaded region on
figure 5. [

In order to find the polytope generated from doubly excited states, one has to compute the
intersection

1
P, = Conv <77122, M12, 5(77212 + 1123), M2t )\> Nty

pmcn(1((34).(33)-000) ((34) 00 (139)).
(10(33)-(339))-((3)- (33) (5:5:5)):
(GH)-G2)-(4)

31



J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

Comparing the vertices of polytope P, and the vertices of the whole momentum polytope
computed in [20], one can see that

ron-com (5 (33 (:2)- (5 9) (G- (:2)-(3)

6.2. Fermions

Consider L fermions on Nmodes. The stabiliser of the highest weightis Ky = U(L) x U(N — L),
where U(L) acts on the first L basis vectors and U(N — L) acts on the last N — L basis vectors
of CV. The positive root operators of Eg are Ejj, wherel <i<j<LorL+1<i<j<N.
The j-excitation spaces have been computed for this scenario in [25] and they are of the form

N; =AM (CH @ A(CVh), je{o,1,...L}. (24)

6.2.1 Two fermions. The case of two fermions is described by a spherical representation,
which means that the polytope from doubly excited states is equal to the whole polytope. For
two fermions in N modes, we have

Nz—(C®A2((CN2)—<|i)/\|j>: 3<i<j<1v> :
C

Similarly, as in the case of two distinguishable particles, we will iterate the procedure to find
the momentum polytope of N, which is the convex hull of |\') = |3) A |4) and the momentum
polytope of

N} =C@AX(CVN ) = <|i>/\|j>: 5<i<j<N> .
C
In the last iteration, for N even we end up with
|Afinaly — |N — 3) A [N —2), Ninal — C = <|N — 1A |N>> ,
ol

end for N odd we have
AT = [N —4) AN = 3),

Ngmal:(CS _ <|N_2>/\|N— 1>,|N—2>/\|N>,|N_ 1>/\|N>> .
C

We compute the polytopes similarly to the case of two distinguishable particles. In the case of
even N, the polytope from the last step is the line segment

1
(1 -1)(0,...,0,1,1,0,0) +#(0,...,0,0,0,1,1), 0 < 1, < 5
The penultimate polytope is parametrised by
1 1
0,...,0,1 =tr,1 =2, (1 = 11), (1 — 11), at1, 211), 0 < 12 < s 0snsg
—h
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Finally, for N = 2K, we get

K
k1 = Mok42s Mokt = (1 — tk—g) H fnfork=0,1,....K -2,
I=K—l+1
ol 1 1
-1 = - t’0<tl < ’0<t<7'
Thk—1 = 1K Hk ST IS5

=1
For N odd we put K = (N — 1)/2 and ny = 0. The obtained parametrisation is essentially

a reformulation of the well-known inequalities for the polytope, which are 72ktr1 = M2kt2,
k=0,1,...,K—1landn = m = ...0N.

Three fermions. The first fermionic scenario, where the spectral polytope is not given only
by equalities (except for the inequalities for the positive Weyl chamber), are three fermions on
six levels. In this subsection, we will also consider the scenario with seven levels. These sce-
narios complete the list of all fixed-particle scenarios, where the spectral polytope is given by
the polytope from doubly excited states. Let us begin with Hg = A3(C9). The highest weight
is|A) = [1) A |2) A|3). According to equation (24), the space of doubly excited states in this
case is of the form

N2C3®A2(<c3):<c3®<c3<|a>A|i>A|j>; ae{1,2,3},4<i<j<6> )
C

Let us denote by n; the weight vector |i) A |j) A |k). The polytope corresponding to the action
of K on N, is the spectral polytope for two distinguishable particles on 3 levels, which is

pky (N2) 0 (83) 4 = Conv (1145, 1246, 1356) N (£2)+-
The intersection with t;. of the cone at A spanned by g, (N2) N (ty)+ is of the following form

P> = Conv (1123, Mi4s, 246, M356) N Ly
1111 331111 111111
= Conv <(1, 1, 1,0,0,0), (1, 5, 5, 5, 2,0> . (4, Z, E, E, Z, 4> 5 (2, 5, 5’ 5’ 5’ 2)) .

In can be checked by a direct computation that the well-known inequalities for the polytope
that can be found in [9, 15, 26] yield the same set of vertices. It is quite surprising that even
though the N3 space is nontrivial (it is one-dimensional), the whole polytope can be obtained
only by considering the doubly excited states. By a similar strategy, we next show that this is
also the case for A3(C7). The doubly excited states are in this scenario of the following form.

N2:(C3®A2((C4):<|a>/\|i)/\|j>: ae{1,2,3},4<i<j<7> .
()

In order to find the polytope ik, (N2) N ()4, we repeat the procedure for the highest weight
of K in N,, which is |\') = |1) A |4) A |5). Then, space N} is the sum of tensor products of
proper N;-spaces of the components
Ny = (N1(CY) ® Ni(A%(CY)) & (No(C?) ® N2(A*(CY)
=(CeCeC)a(CrC®C).

The first component is just the 3-qubit polytope and the second component is the complex
span of [1) A |6) A |7). Hence, in order to compute fig; (N2) N (t})+, which, by theorem 16, is
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the join of the momentum images of the components, it is enough to take the convex hull of
the 3-qubit polytope with 1167. This is because the momentum image of the second component
is just a single point. The 3-qubit polytope is spanned by the vertices

1 1 1 1
12465 5(71246 + 12s7), 5(77246 + 1347), 5(77246 + 1356), 5(77246 + 7357).

The intersection of the convex hull of the above vertices and weights 7167, 1145, A = 1123 with
the positive Weyl chamber has the following vertices:

(22 33y (22 1y (5533311
770 77)\333y )\ T T TTTI)

Ty 3333111
2222244)'\5555555

plus vertices of the form (v, 0), where v is a vertex of P(A*(C®)), and vertices of the form
(1,0), where v is a vertex of P(A?(C9)). It is a matter of a straightforward calculation to show
that the well-known inequalities for the spectral polytope of A3(C7) [9, 26] give the same set
of vertices.

The two-step procedure that we used to compute the spectral polytope for A*(C7) can be
generalised to A3(CV) in a straightforward way. In the first step, we have

N, =C @ A*(CV7Y),
and in the second step
N, =(CeC*eC" )& (CoC®A*(CV?)).

spectral polytopes of the components are known. The polytope of the second component is a
properly shifted polytope of two fermions on N — 6 levels. The polytope of the first comp-
onent can be found in [20]. However, it is difficult to determine the join of the two momentum
images. In order to obtain some subset of the intersection of the join with t, one can compute
the join of the momentum rosettes of the components, which is a straightforward task. Such
a procedure simplifies for sufficiently large N, as all the polytopes P(C? ® C* ® CM) for
M > 4 are isometric [20]. This means that vertices of P(C? @ C?> @ CM*+!) are of the form
(v,0), where v is a vertex of P(C?> @ C?> @ CM) for M > 4.

6.3. Bosons

In the case of bosons, the quantum marginal problem is trivial, as for L > 2 the whole momen-
tum image is convex, namely

w(SH(CY)) Nt = Conv (u(|L,0,...,0)),u(]0,L,0,...,0)),...,u(]0,...,0,L))).

The momentum image is a N-simplex. The spectral polytope is the intersection of the simplex
with the positive Weyl chamber. This intersection is the cone at the highest weight intersected
with t;. The cone at the highest weight is generated by rays from the highest weight to the
weights from N,:

(1= A+ tu(|L —2,0,...,0,2,0,...,0)), t > 0.

The intersection of the cone with t, takes place for r > 1, i.e. outside the convex hull of A and
A,, but the spectral polytope is still equal to P,. This is because the entire momentum image
is convex.
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6.4. Fermionic Fock space

As we explained in section 2, the Spin(2N) representation on the Fock space has two irreduc-
ible components. Therefore, we will consider two momentum maps, each stemming from an
irreducible component. The stabiliser of the highest weight is in F, is Ky = U(N), where the

positive root operators of K are of the form a,-ajT, 1 <i <j < N.The N, spaces are the comp-
onents with the number of particles equal to 2j, i.e.

Nj(fe):Azj(CN):<|a1>/\a2>/\~-~/\|a2j>: 1<a; <-~-<a2j<N> .
C

For F,, the stabiliser of the highest weight is K, = U(N), with the positive root operators of
the form aiq;r,l <i<j<N-—landaay,1 <i <N — 1. The N; spaces are

]Vj(]:o) o~ A2j—l((CN—1) EBAZJ’((CN—I)

—<|a1>/\~~~/\azj_1>:1<a1<-~~<a2j_1§N1>
C

(5) <|a1>/\---/\|a2j>/\N>:1<a1<---<azj<N—1> .
C

The representations with N < 5 are spherical, so the spectral polytope is equal to the poly-
tope from the doubly excited states. The case N = 1 is trivial, as the components are one-
dimensional, i.e. they consist of the highest weight spaces, and their momentum images are
single points ;(|A)) = A For N = 2 we have

F, = <|Q>><C o <aIa§|Q>>(C ~CoC.

There are two weight vectors, who are root-neighbours, which means that the line segment con-
necting the two weights is not in the momentum image. This means that u(F,) Nt = (3, 3).
Similarly, pu(F,) Nty = (%, —%) For N = 3, we have

- <|Q>,|1>A 2>"1>A'3>"2“'3>>c’ 7 - <|1>,|2>,|3>,|1>A 2>A|3>> |

C

Again, any two of the above weight vectors are root-neighbours, so the momentum polytopes

are single points, i.e. u(F,) Nty = (3.4, 3), w(F,) Nty = (3.5, —1). The case with N = 4

is the first case, where spaces NV, are nontrivial.

Ny (F.) = <|1> AJ2) A|3) A 4>>C, Ny (F,) = <|1) AJ2) A |3)> .

C

Spaces N, are one-dimensional, hence the spectral polytopes are just the line segments.

1111 R B B
7 =d=n(=.22 = e FE Y R
W(F) Nt {(1 t)(2,2,2,2>+t( 55 2) 0<1 }

111 1 1 1 11
= - —, =, =, — = ——,— =, =, < | - < § N
w(Fe) Nty {(1 f) (2,2,2, 2)+t< 7 2,2> 0<1t }

where the range of 7 is such that the line segment is contained in t,. Equivalently, the spectral
polytopes are given by equations

N = N =
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1
P(fe)Z{(m,-n,m)ER“I m=m=mn=m 1<n SZ},

b

N —

P(F,) = {(771’-~~’774) ER :m=m=m, m=—m 1<y <

For N =5, the N,-spaces are
Na(F) = A(C) = C°, Na(F,) = A(CH @ A4 (CH = CH e C.

Itis straightforward to check that in both cases any two weights are root-neighbours. Therefore,
the K\-momentum images of N, are the highest weights for the respective representations of
K > i.e.

1 1 1 1 1
e OR(FEN)0 ()1 = (3750750753
1 _1 1

e (aEN 0 ()1 = (3173075053 )

Therefore, the spectral polytopes are the line segments from the highest weight to the momen-
tum image of N,, intersected with t. The results read

1 1
P(fe)z{(m,~--,775)ER53 m =3 Th =13 =04 =15, 1<772<2},
1
2

1
P(fo)Z{(n1,-~-,775)€R5¢ M=z, ="13="04 15 = —N4, 1 <772<}-

2

The spin representations of Spin(2N) are not spherical for N > 6. Hence, the polytope from
doubly excited states may not be equal to the entire spectral polytope. However, the P, poly-
topes for N = 6 and N = 7 are easy to compute, as they are the convex hulls of some known
polytopes for the scenarios with a fixed number of fermions and the highest weight. The ques-
tion of whether in these cases we have P, = P remains open.

7. Summary and outlook

In this work, we describe the set of quantum marginals, which are the one-particle reduced
density matrices stemming from a pure state. By the local unitary symmetry of the prob-
lem, the set of all one-particle reduced density matrices that are compatible with some pure
quantum state is fully described by their spectra. Notably, the set of admissible spectra forms a
polytope, which is called the spectral polytope. Formulating the problem of the description of
the spectral polytope in terms of representation theory of compact Lie groups allows us to treat
a variety of physical scenarios in a consistent way. In particular, we applied our methodology
to the description of the set of correlation matrices in the fermionic Fock space. Using the
local description of the spectral polytope around its distinguished vertex (the highest weight),
we gave a general construction of two polytopes that bound the spectral polytope. The poly-
tope, which is the upper bound involves all the j-excitation spaces. Direct computation of this
polytope is of interest in quantum chemistry [57, 58], as the facets of the polytope bound the
spectral polytope sharply, hence they yield some generalised Pauli constraints for systems
of L fermions in N modes. The generalised Pauli constraints give rise to the phenomenon of
pinning and quasipinning of fermionic occupation numbers [59-65]. These constraints are
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expected to be easier to compute than the constraints for the entire spectral polytope. To this
end, it is crucial to develop new tools that allow one to compute the joins of momentum maps
(see definition 17). The construction of the polytope being the lower bound involves only a
small part of the entire Hilbert space, namely the doubly excited states and its description is
more tractable. We classified quantum systems, where both bounds coincide giving the whole
spectral polytope. In particular, we obtained new results regarding the spectral polytopes in
the fermionic Fock space. As the examples computed in section 6 show, the spectral polytopes
of j-excitation spaces have an inductive structure in the sense, that they correspond to smaller
quantum systems of analogous type. In particular, in order to compute the local cone at the
ground state for distinguishable particles, one needs the knowledge of the spectral polytopes
for systems of distinguishable particles with a smaller number of modes. A similar phenom-
enon is true for systems of fermions. It would be interesting to explore further this behaviour
to obtain other new bounds for the spectral polytope.

Another way to develop further the methodology introduced in this paper would be the
description of the local cones around other vertices of the spectral polytope. We expect that the
spectral polytope is the intersection of a small number of cones, while the remaining vertices
come from the intersections of the cones.

The results of this paper are also useful for finding new classes of maximally entangled
states. In the SLOCC classification the maximally entangled states are the states that are
mapped by the momentum map to the vertex of the positive Weyl chamber. In all scenarios
considered in this paper the polytope from doubly excited states contains the vertex of the
positive Weyl chamber. Therefore, there are some classes of doubly excited states that are
maximally entangled in the sense of the said SLOCC classification.

Acknowledgments

We would like to thank Marek Ku$ for encouragement and Adam Sawicki and Michat
Oszmaniec for many fruitful discussions. We thank Peter Heinzner for the discussions during
our stay in Bochum in August 2016. TM would like to thank the University of Gottingen for
hospitality during his stay in the summer of 2016, where this work was partially done. TM was
supported by DAAD Short-Term Reserach Grant no. 57214227, Polish Ministry of Science
and Higher Education ‘Diamentowy Grant’ no. DI2013 016543 and ERC grant QOLAPS.
VVT is supported by the DFG grant Sachbeihilfe DFG-AZ: TS 352/1-1.

ORCID iDs

Tomasz Maciazek © https://orcid.org/0000-0002-2364-1164

References

[1] Stillinger F H er al 1995 Mathematical Challenges from Theoretical/Computational Chemistry
(Washington, DC: National Academy Press)

[2] Guillemin V and Sternberg S 1984 Symplectic Techniques in Physics (Cambridge: Cambridge
University Press)

[3] Horodecki R, Horodecki P, Horodecki M and Horodecki K 2009 Quantum entanglement Rev. Mod.
Phys. 81 865-942

[4] Atiyah M F 1982 Convexity and commuting Hamiltonians Bull. Lond. Math. Soc. 14 1-15

[5] Kirwan F C 1984 Cohomology Quotients in Symplectic and Algebraic Geometry (Mathematical
Notes vol 31) (Princeton: Princeton University Press)

37


https://orcid.org/0000-0002-2364-1164
https://orcid.org/0000-0002-2364-1164
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1112/blms/14.1.1
https://doi.org/10.1112/blms/14.1.1
https://doi.org/10.1112/blms/14.1.1

J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

[6] Walter M, Doran B, Gross D and Christandl M 2013 Entanglement polytopes: multiparticle
entanglement from single-particle information Science 340 1205-8
[7] Higuchi A, Sudbery A and Szulc J 2003 One-qubit reduced states of a pure many-qubit state:
polygon inequalities Phys. Rev. Lett. 90 107902
[8] Maciazek T, Oszmaniec M and Sawicki A 2013 How many invariant polynomials are needed to
decide local unitary equivalence of qubit states? J. Math. Phys. 54 092201
[9] Klyachko A 2004 Quantum marginal problem and representations of the symmetric group
(arXiv:quant-ph/0409113)
[10] Klyachko A 2006 Quantum marginal problem and N-representability J. Phys.: Conf. Ser. 36 72
[11] Klyachko A 2009 The Pauli exclusion priciple and beyond (arXiv:0904.2009 [quant-ph])
[12] Altunbulak M and Klyachko A 2008 The Pauli principle revisited Commun. Math. Phys.
282 287-322
[13] Christandl M, Doran B, Kousidis S and Walter M 2014 Eigenvalue distributions of reduced density
matrices Commun. Math. Phys. 332 1-52
[14] Ruskai M B 1970 N-representability problem: particle-hole equivalence J. Math. Phys. 11 3218-24
[15] Ruskai M B 2007 Connecting N-representability to Weyl’s problem: The one particle density
matrix for N = 3and R = 6 J. Phys. A: Math. Theor. 40 FO61-7
[16] Kirwan F C 1984 Convexity properties of the momentum mapping, Il Invent. Math. 77 547-52
[17] Guillemin V and Sternberg S 1982 Convexity properties of the momentum mapping Invent. Math.
67 491-513
[18] Sjamaar R 1998 Convexity properties of the momentum mapping re-examined Adv. Math.
138 46-91
[19] Brion M 1999 On the general faces of the momentum polytope Int. Math. Res. Not. 4 185-201
[20] Vergne M and Walter M 2014 Inequalities for moment cones of finite-dimensional representations
(arXiv:1410.8144)
[21] Smirnov A V 2004 Decomposition of symmetric powers of irreducible representations of
semisimple Lie algebras and the Brion polytope Trans. Moscow Math. Soc. 65 213-34
[22] Grabowski J, Ku§ M and Marmo G 2005 Geometry of quantum systems: density states and
entanglement J. Phys. A: Math. Gen. 38 1021744
[23] Sawicki A, Huckleberry A and Ku§ M 2011 Symplectic geometry of entanglement Commun. Math.
Phys. 305 441-68
[24] Wildberger N J 1992 The momentum map of a Lie group representation Trans. AMS 330 257-68
[25] Landsberg J M and Manivel L 2003 On the projective geometry of rational homogeneous varieties
Comment. Math. Helv. 78 65-100
[26] Borland R E and Dennis K 1972 The conditions on the one-matrix for three-body fermion
wavefunctions with one-rank equal to six J. Phys. B: At. Mol. Phys. 5 7-15
[27] Oszmaniec M 2014 Applications of differential geometry and representation theory to description
of quantum correlations PhD Thesis University of Warsaw (arXiv:1412.4657)
[28] de Melo F, Cwikliriski P and Terhal B M 2013 The power of noisy fermionic quantum computation
New J. Phys. 15 013015
[29] Brion M 1987 Sur I'image de 1’application moment Séminaire d’Algébre Paul Dubreil et Marie-
Paule Malliavin (Lecture Notes in Mathematics vol 1296 (Berlin Heidelberg New York: Springer)
pp 177-92
[30] Ness L and Mumford D 1984 A stratification of the null cone via the moment map Am. J. Math.
106 1281-329
[31] Berenstein A and Sjamaar R 2000 Coadjoint orbits, moment polytopes and the Hilbert—-Mumford
criterion J. Am. Math. Soc. 13 433-66
[32] Sawicki A, Oszmaniec M and Ku§ M 2012 Critical sets of the total variance can detect all stochastic
local operations and classical communication classes of multiparticle entanglement Phys. Rev. A
86 040304
[33] Sawicki A, Oszmaniec M and Ku§ M 2014 Convexity of momentum map, Morse index, and
quantum entanglement Rev. Math. Phys. 26 1450004
[34] Maciazek T and Sawicki A 2015 Critical points of the linear entropy for pure L-qubit states J. Phys.
A: Math. Theor. 48 045305
[35] Heinzner P and Huckleberry A 1996 Kéhlerian potentials and convexity properties of the moment
map Invent. Math. 126 6584
[36] Liu Y-K, Christandl M and Verstraecte F 2007 Quantum computational complexity of the N
-representability problem: QMA complete Phys. Rev. Lett. 98 110503

38


https://doi.org/10.1126/science.1232957
https://doi.org/10.1126/science.1232957
https://doi.org/10.1126/science.1232957
https://doi.org/10.1103/PhysRevLett.90.107902
https://doi.org/10.1103/PhysRevLett.90.107902
https://doi.org/10.1063/1.4819499
https://doi.org/10.1063/1.4819499
http://arxiv.org/abs/quant-ph/0409113
https://doi.org/10.1088/1742-6596/36/1/014
https://doi.org/10.1088/1742-6596/36/1/014
https://arxiv.org/abs/0904.2009
https://doi.org/10.1007/s00220-008-0552-z
https://doi.org/10.1007/s00220-008-0552-z
https://doi.org/10.1007/s00220-008-0552-z
https://doi.org/10.1007/s00220-014-2144-4
https://doi.org/10.1007/s00220-014-2144-4
https://doi.org/10.1007/s00220-014-2144-4
https://doi.org/10.1063/1.1665118
https://doi.org/10.1063/1.1665118
https://doi.org/10.1063/1.1665118
https://doi.org/10.1088/1751-8113/40/45/F01
https://doi.org/10.1088/1751-8113/40/45/F01
https://doi.org/10.1088/1751-8113/40/45/F01
https://doi.org/10.1007/BF01388838
https://doi.org/10.1007/BF01388838
https://doi.org/10.1007/BF01388838
https://doi.org/10.1007/BF01398933
https://doi.org/10.1007/BF01398933
https://doi.org/10.1007/BF01398933
https://doi.org/10.1006/aima.1998.1739
https://doi.org/10.1006/aima.1998.1739
https://doi.org/10.1006/aima.1998.1739
https://doi.org/10.1155/S1073792899000094
https://doi.org/10.1155/S1073792899000094
https://doi.org/10.1155/S1073792899000094
http://arxiv.org/abs/1410.8144
https://doi.org/10.1090/S0077-1554-04-00143-8
https://doi.org/10.1090/S0077-1554-04-00143-8
https://doi.org/10.1090/S0077-1554-04-00143-8
https://doi.org/10.1088/0305-4470/38/47/011
https://doi.org/10.1088/0305-4470/38/47/011
https://doi.org/10.1088/0305-4470/38/47/011
https://doi.org/10.1007/s00220-011-1259-0
https://doi.org/10.1007/s00220-011-1259-0
https://doi.org/10.1007/s00220-011-1259-0
https://doi.org/10.1090/S0002-9947-1992-1040046-6
https://doi.org/10.1090/S0002-9947-1992-1040046-6
https://doi.org/10.1090/S0002-9947-1992-1040046-6
https://doi.org/10.1007/s000140300003
https://doi.org/10.1007/s000140300003
https://doi.org/10.1007/s000140300003
https://doi.org/10.1088/0022-3700/5/1/009
https://doi.org/10.1088/0022-3700/5/1/009
https://doi.org/10.1088/0022-3700/5/1/009
http://arxiv.org/abs/1412.4657
https://doi.org/10.1088/1367-2630/15/1/013015
https://doi.org/10.1088/1367-2630/15/1/013015
https://doi.org/10.2307/2374395
https://doi.org/10.2307/2374395
https://doi.org/10.2307/2374395
https://doi.org/10.1090/S0894-0347-00-00327-1
https://doi.org/10.1090/S0894-0347-00-00327-1
https://doi.org/10.1090/S0894-0347-00-00327-1
https://doi.org/10.1103/PhysRevA.86.040304
https://doi.org/10.1103/PhysRevA.86.040304
https://doi.org/10.1142/S0129055X14500044
https://doi.org/10.1142/S0129055X14500044
https://doi.org/10.1088/1751-8113/48/4/045305
https://doi.org/10.1088/1751-8113/48/4/045305
https://doi.org/10.1007/s002220050089
https://doi.org/10.1007/s002220050089
https://doi.org/10.1103/PhysRevLett.98.110503
https://doi.org/10.1103/PhysRevLett.98.110503

J. Phys. A: Math. Theor. 50 (2017) 465304 T Maciazek and V Tsanov

[37] Liu Y-K 2006 Consistency of local density matrices is QMA-complete Approximation,
Randomization, and Combinatorial Optimization. Algorithms and Techniques (Lecture Notes
in Computer Science, vol 4110) ed J Diaz et al (Berlin, Heidelberg: Springer) https://doi.
org/10.1007/11830924_40

[38] Pauli W 1925 Uber den zusammenhang des abschlusses der elektronengruppen im atom mit der
komplexstruktur der spektren Z. Phys. 31 765-83

[39] Ness L 1984 A stratification of the null cone via the moment map (with an appendix by D Mumford)
Am. J. Math. 106 1281-329

[40] Bravyi S 2006 Universal quantum computation with the nu = 5/2 fractional quantum hall state
Phys. Rev. A 73 042313

[41] Oszmaniec M, Gutt J and Ku§ M 2014 Classical simulation of fermionic linear optics augmented
with noisy ancillas Phys. Rev. A 90 020302

[42] Oszmaniec M and Ku§ M 2014 Fraction of isospectral states exhibiting quantum correlations Phys.
Rev. A 90 010302

[43] Oszmaniec M and Ku§ M 2013 A universal framework for entanglement detection Phys. Rev. A
88 052328

[44] Sérosi G and Lévay P 2014 Entanglement in fermionic Fock space J. Phys. A: Math. Theor.
47 115304

[45] Lévay P and Holweck F 2015 Embedding qubits into fermionic Fock space, peculiarities of the
four-qubit case Phys. Rev. D 91 125029

[46] Kac V 1980 Some remarks on nilpotent orbits J. Algebra 64 190213

[47] Huckleberry A, Kus M and Sawicki A 2013 Bipartite entanglement, spherical actions and geometry
of local unitary orbits J. Math. Phys. 54 022202

[48] Brocker T and Dieck T T 1985 Representations of Compact Lie Groups (New York: Springer)

[49] Humphreys J 1972 Introduction to Lie Algebras and Representation Theory (Berlin: Springer)

[50] Knop F 1998 Some remarks on multiplicity free spaces Proc. NATO Adv. Study Inst. on
Representation Theory and Algebraic Geometry (Nato ASI Series C vol 514) ed A Broer et al
(Dortrecht: Kluwer) pp 301-17

[51] Schilling C, Gross D and Christandl M 2013 Pinning of fermionic occupation numbers Phys. Rev.
Lett. 110 040404

[52] Schilling C 2015 Quasipinning and its relevance for N-fermion quantum states Phys. Rev. A
91 022105

[53] Biirgisser P, Christandl M, Mulmuley K D and Walter M 2017 Membership in moment polytopes
is in NP and coNP SIAM J. Comput. 46 972-91

[54] Kostant B and Sternberg B 1982 Symplectic projective orbits New Directions in Applied
Mathematics, Papers Presented April 25/26, 1980, on the Occasion of the Case Centennial
Celebration (New York: Springer) pp 81-4

[55] Chevalley C 1954 The algebraic Theory of Spinors (New York: Columbia University Press)

[56] Lin C, Jianxin C D Z and Bei Z D 2015 Universal subspaces for local unitary groups of fermionic
systems Commun. Math. Phys. 333 541-63

[57] Benavides-Riveros C L and Schilling C 2016 Natural extension of Hartree—Fock through extremal
1-fermion information: overview and application to the lithium atom Z. Phys. Chem. 230 70317

[58] Benavides-Riveros C L, Gracia-Bondia J] M and Varilly J C 2012 The lowest excited configuration
of harmonium Phys. Rev. A 86 022525

[59] Schilling C 2013 Natural orbitals and occupation numbers for harmonium: fermions versus bosons
Phys. Rev. A 88 042105

[60] Schilling C 2015 Hubbard model: pinning of occupation numbers and role of symmetries Phys.
Rev. B 92 155149

[61] Carlos L B-R, José M G-B and Springborg M 2013 Quasipinning and entanglement in the lithium
isoelectronic series Phys. Rev. A 88 022508

[62] Carlos L B-R and Springborg M 2015 Quasipinning and selection rules for excitations in atoms and
molecules Phys. Rev. A 92 012512

[63] Tennie F, Ebler D, Vedral V and Schilling C 2016 Pinning of fermionic occupation numbers:
general concepts and one spatial dimension Phys. Rev. A 93 042126

[64] Tennie F, Vedral V and Schilling C 2016 Pinning of fermionic occupation numbers: higher spatial
dimensions and spin Phys. Rev. A 94 012120

[65] Tennie F, Vedral V and Schilling C 2017 Influence of the fermionic exchange symmetry beyond
Pauli’s exclusion principle Phys. Rev. A 95 022336

39


https://doi.org/10.1007/11830924_40
https://doi.org/10.1007/11830924_40
https://doi.org/10.1007/BF02980631
https://doi.org/10.1007/BF02980631
https://doi.org/10.1007/BF02980631
https://doi.org/10.1103/PhysRevA.73.042313
https://doi.org/10.1103/PhysRevA.73.042313
https://doi.org/10.1103/PhysRevA.90.020302
https://doi.org/10.1103/PhysRevA.90.020302
https://doi.org/10.1103/PhysRevA.90.010302
https://doi.org/10.1103/PhysRevA.90.010302
https://doi.org/10.1103/PhysRevA.88.052328
https://doi.org/10.1103/PhysRevA.88.052328
https://doi.org/10.1088/1751-8113/47/11/115304
https://doi.org/10.1088/1751-8113/47/11/115304
https://doi.org/10.1103/PhysRevD.91.125029
https://doi.org/10.1103/PhysRevD.91.125029
https://doi.org/10.1016/0021-8693(80)90141-6
https://doi.org/10.1016/0021-8693(80)90141-6
https://doi.org/10.1063/1.4791681
https://doi.org/10.1063/1.4791681
https://doi.org/10.1007/978-94-015-9131-7_7
https://doi.org/10.1007/978-94-015-9131-7_7
https://doi.org/10.1103/PhysRevLett.110.040404
https://doi.org/10.1103/PhysRevLett.110.040404
https://doi.org/10.1103/PhysRevA.91.022105
https://doi.org/10.1103/PhysRevA.91.022105
https://doi.org/10.1137/15M1048859
https://doi.org/10.1137/15M1048859
https://doi.org/10.1137/15M1048859
https://doi.org/10.1007/s00220-014-2187-6
https://doi.org/10.1007/s00220-014-2187-6
https://doi.org/10.1007/s00220-014-2187-6
https://doi.org/10.1515/zpch-2015-0732
https://doi.org/10.1515/zpch-2015-0732
https://doi.org/10.1515/zpch-2015-0732
https://doi.org/10.1103/PhysRevA.86.022525
https://doi.org/10.1103/PhysRevA.86.022525
https://doi.org/10.1103/PhysRevA.88.042105
https://doi.org/10.1103/PhysRevA.88.042105
https://doi.org/10.1103/PhysRevB.92.155149
https://doi.org/10.1103/PhysRevB.92.155149
https://doi.org/10.1103/PhysRevA.88.022508
https://doi.org/10.1103/PhysRevA.88.022508
https://doi.org/10.1103/PhysRevA.92.012512
https://doi.org/10.1103/PhysRevA.92.012512
https://doi.org/10.1103/PhysRevA.93.042126
https://doi.org/10.1103/PhysRevA.93.042126
https://doi.org/10.1103/PhysRevA.94.012120
https://doi.org/10.1103/PhysRevA.94.012120
https://doi.org/10.1103/PhysRevA.95.022336
https://doi.org/10.1103/PhysRevA.95.022336

